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ABSTRACT

Parallel imaging methods provide accelerated multiple coil
MR image acquisitions via reconstruction of sub-sampled k-
space data. Currently, analytic comparison between differ-
ent reconstruction approaches has been hampered by use of
different phase encoding paradigms and regularization ap-
proaches, historically unique to each method. We present
an analysis of the Space-RIP image reconstruction prob-
lem that demonstrates the ability to recast the problem in
a decoupled form when uniform down-sampling is em-
ployed. We show that this decoupled problem is equiva-
lent to the SENSE image reconstruction approach. This ap-
proach enables a clear analytic comparison between SENSE
and Space-RIP, and we demonstrate the effect of different
regularization approaches on image formation in low coil
sensitivity regions.

1. INTRODUCTION

In pursuit of achieving reduced MR image acquisition time,
a number of image reconstruction methods have been pro-
posed. Parallel imaging methods distribute the data acqui-
sition burden across multiple receiver coils and then sub-
sample during data acquisition to reduce total imaging time.
The strength of these reconstruction methods is the ability
to suppress aliasing artifacts in the reconstructed image.

The parallel MR imaging process is a classic inverse
problem, in that an image of the encoded tissue is generated
by indirect means. Image reconstruction is highly sensitive
to small perturbations, both in the received data and in the
estimates of the coil sensitivity maps. Regularization tech-
niques are widely deployed to limit the impact of such noise
on the reconstructed image quality [, 2]

Previous comparisons between parallel imaging meth-
ods have focused primarily on SMASH and SENSE [3, 4]
5]. However, there is still some debate as to the how best
to differentiate between all methods. And to our knowl-
edge, no comparison of regularization methods has been
presented.
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Here we present an analysis that plainly illustrates the
connection between SENSE and Space-RIP. This analysis
allows these separate methods to be described using a com-
mon analytical framework, which enables comparison of
the regularization approaches particular to each method.

2. BACKGROUND
2.1. Brief Review of Regularization

The image reconstruction problem posed in parallel imag-
ing is a classic ill-posed inverse problem. This is a direct
consequence of attempting to determine system parameters,
in this case the underlying spin distribution in the field of
view (FOV), by indirect means. When such a system is
solved computationally, small disturbances in the acquired
data tend to amplify and corrupt the solution with noise.
System regularization is often employed to limit these ef-
fects.

For the regularization review below, we present a
generic linear least squares problem

Az = b, orequivalently, min ||Az —b||2, (1)

and assume that the singular value decomposition of a ma-
trix A is known, i.e., A = USVH = 3" w00 . One
method to limit noise amplification in this inverse problems
is to compute the truncated SVD solution [6]. This approach
finds the best rank k& approximation to the system matrix,
A = Zle u;o;v | by truncating the singular values be-
low a given threshold, . This prevents the smallest singu-
lar values, which are assumed to be associated with noise
in the acquired data, from impacting the system solution.
Ideally, the choice for k occurs at the index ¢ where an ob-
vious gap occurs in the sequence of singular values, i.e.,
Ok > € > Oky1 > Ok42°* > Op.

An alternative approach is to employ a damped least
squares (DLS), or Tikhonov, solution [€]. This approach
considers an alternate problem

min || Az —b||3 + 7| Dz |3, O]

to constrain the computed solution z. Selecting a diago-
nal weighting matrix D allows fine control in limiting the
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power across the solution. When the regularization param-
eter is positive, 7 > 0, this problem has full column rank
and a unique solution [[6]. If the weighting matrix is equal
to the identity matrix, D = I, then the solution to P can be
expressed in terms of the SVD as (errata: c_i = u_i"H b)

n 2
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The quantities f; are called filter factors [6], and couple
Tikhonov regularization to the truncated SVD approach.
Notice that if 7 <« oy, then f; =~ 1. Similarly, if
T > o0y, then f; < 1. This establishes the fact that for
T = Y% .41 0 the truncated SVD and DLS solution to
Eqg. (@) are approximately the same, particularly for those
cases where a large gap between the singular values o and
ok+1 exists [6].

2.2. Brief Review of Parallel Imaging

Parallel MR imaging methods aim to reconstruct an image
of the excited FOV spin distribution from down-sampled
data acquired using multiple coils. The signal acquired in
each coil, [, can be described by

i) = [ Wite)plr)ern . @

where p(r) is the excited spin density function throughout
the volume V' weighted by the various imaging factors (e.qg.,
relaxation terms, hardware characteristics etc.), r is the spa-
tial position in the FOV, W;(r) is the coil sensitivity at r,
and k is a reciprocal spatial term corresponding to the gra-
dients employed during data acquisition, k = ~ fot G(t)dt.
This signal representation is typically discretized to
solve the inverse problem computationally. As originally
presented, Cartesian SENSE [[7] imposes a uniform down-
sampling pattern. Based on the subsequent aliasing pat-
tern, one can then construct a small system for each spatial-
domain pixel in the acquired data reference frame. Solv-
ing this small system gives un-aliased spatial-domain pix-
els. This process is then repeated for each pixel in the FOV.
In Space-RIP [[8], an FFT is performed along one dimension
to consider each column of the FOV in turn. This results in

a large linear system
s=Pp ()

where the vector s contains the output data from all coils
for a single column, p is the desired FOV, and P is a system
matrix constructed from knowledge of the phase-encoding
pattern used and the coil sensitivity estimates. Generalized
SENSE [9] can also be described by Eq. B As with any
linear system, one can alternatively frame the reconstruction
as a minimization problem

min |5 — P ©

with the possibility of adding regularization terms as in
Eq. @. It is from this minimization perspective that we
examine regularization in parallel MR imaging.

2.3. A closer look at Space-RIP

We examine here the analytic details of Space-RIP to enable
a comparison with SENSE. This choice is guided by two
features: the problem can be described in 1D, and the par-
ticular phase encode sampling pattern employed does not
impact the implementation in any way.

For the case of 2D imaging with phase-encoding along
the k, direction, Kyriakos, et. al., [8], present the following
equation,

N
sulkysx) = 3 pla,m)Wila,m)els™ ™, (1)
n=1

as a discrete version of Eq. Hlafter the application of a DFT
along k... One can recast this equation in compact form as

su(s,w) = PH ding{Wia, )} ol )

where all of the acquired data points associated with a par-
ticular column = have been collected into a single vector of
length M, corresponding to the number of phase encodes
employed. The elements of the M -by-N matrix P corre-
spond to the exponential term in @, P(n, k,) = e~7kvn7,
where each row of P corresponds to a particular phase
encode k,. We note here that the columns of P (and rows
of PH) correspond to columns of the discrete Fourier trans-
form operator, and are mutually orthogonal.

Recognizing that the underlying spin density terms
p(x,:) are common in each of the coils, the Space-RIP lin-
ear system for column z can be written as

Slg:’xg Pz jiag%ngz,wﬁ
sa(s, P diag{Ws(:,z

_ ° plas) @)
sz, ) P diag{Wp(:,z)}

2.4. Common ground between parallel MR methods

The common ground between parallel imaging methods can
be demonstrated by solving the minimization problem in
Eq. @), using the system matrix given in Eq. @). Differen-
tiating Eq. (@) with respect to p yields the normal equations

Pz =PHPp. 9)

This representation is useful in that the system matrix is
conjugate-symmetric, a prerequisite if one wishes to use the
conjugate gradient (CG) algorithm [10] to solve the linear
system, as in [9].
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In the case of Space-RIP, closer inspection of Eq. (@)
reveals some interesting consequences. In particular, using
the system matrix in Eq. (@) for P, one finds

L
(PPH) o <Z VVl(:,a:)Wl(:,a:)H>] (10)
=1

where o represents an element-by-element matrix product.
In this form, the interaction between the selected phase en-
codes and the coil sensitivities is readily apparent.

PP s effectively an “aliasing” operator. To see this,
recall that the columns of P are equivalently columns of a
Fourier transform matrix, F', and are mutually orthogonal.
Downsampling uniformly by f results in

PP =

P(fm,n) = {eiﬂﬂfm"/N} , 0<m,n<N-1.
With a change of variables, one can rewrite this matrix as

_ —j32won/(N/f) 0<n<N-1,
P(‘”")_{e } 0<o< (N/f—1)"

or more simply, P = [ Fn,y Fn;y --- ], with the sub-
matrix repeated f times. In descriptive terms, uniform
down sampling along the phase encode direction produces
a matrix P that contains multiple copies of a small Fourier
transform operator. Thus, in the case of down-sampling by
f = 2, the outer product of PPH results in

PP = N/Q[ Ivjz Inyo } . (11)
Ing Ing

which is clearly an aliasing operator.

In D), this aliasing operator masks the coil sensitiv-
ity information that interacts with the spin density data, p,
which is ultimately seen in the output data. For the f = 2
example above, the system matrix [(PPH) o (Zle Wi(:
, )W, (:,2)H)] can be permuted into a block diagonal ma-
trix, with the j*" block as given in Eq. (). The elements
of each block can be constructed from an inner-product,
Bjj = UJHUJ', where

Wi(j + N/2,2)
Uj: I/V:Z(j""_N/zvx) . (13)
Wi(,x) Wi+ N/2,2)

This matrix U; is identical to the matrix description in
Cartesian SENSE [[7]], which solves the small system

with o = [ p(j,z) p(j +N/2,z) }T, for each pixel lo-
cation in the spatially aliased image.

From this result we draw the following conclusion: with
uniform down-sampling, the normal equations for SENSE
and Space-RIP are analytically equivalent. Each solves the
multiple coil signal equation in the same way. The primary
difference between the two is that SENSE repeatedly solves
a number of small linear systems, where-as Space-RIP col-
lects all of the small systems for a single column and finds
the solution simultaneously.

This analysis explicitly states what has been the con-
ventional wisdom for some time. Specifically, with uni-
form downsampling, SENSE is an efficient solution to the
image reconstruction problem. However, the limited num-
ber of parameters in the linear system requires the deploy-
ment of Tikhonov regularization. In contrast, Space-RIP
collects the aliasing interaction between a number of FOV
pixels into a single system. The potential advantages of this
later approach include both the freedom to choose acquisi-
tion phase encodes — allowing noise-reduction averaging
through coupling across multiple pixels — and greater free-
dom in regularization.

3. REGULARIZATION IN PARALLEL IMAGING

With the relationship between SENSE and Space-RIP now
clearly illustrated, one can compare regularization methods
that were previously used independently in each method.
The use of filter factors allows the Tikhonov regularization
parameter typically used in SENSE to map directly to the
truncated SVD threshold typically used in Space-RIP. The
example below shows SENSE and Space-RIP images for
data from a 4-coil, f = 2, cardiac sequence. The coil sen-
sitivities were estimated from a water phantom acquisition
prior to the volunteer being placed within the magnet.

The regularization parameter was set based on the
Space-RIP system for column 101, and then fixed for the
remaining columns in the rest of image. This approach was
chosen because it most clearly demonstrates the effect of
each regularization approach on the image reconstruction.
In practice one could reset the regularization parameter for
each inverted system, although the optimal scheme for reg-
ularization remains an open question.

The tSVD parameter was chosen at that point in the sin-
gular value distribution where a large gap in the values exist,
e = 9.52x10? , illustrated in Figure Pl The DLS parame-

51(J, x) Wi(j,x)  Wi(j+ N/2,x) ter was then selected based on the discarded singular val-

s2(J, @) Wa(j ) Wa(j+ N/2,2) | ues. The relationship between the SENSE and Space-RIP

; - : p(14) systems are related through the normal equations, thus the

5.0, 7) Wi, x) Wi+ N/2,z) DLS regularization parameter issetasa = />, ., 07 =
1.063 x 102,

B _ | X Wi Ga)Wil, ) Sy Wi G, @) Wi(j + N/2, ) , 12)

P S WE G+ N2, a) W) S Wi+ NJ2,2)Wi(j + N/2,2)
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Fig. 1. Comparison of (a) tSVD Space-RIP and (b) damped-Ileast-squares SENSE reconstructions at identical regularization
and windowing levels. (c) shows the complex valued data in the anatomical region for column 101 of each reconstruction.
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Fig. 2. Singular value distribution for column 101, with the
truncated SVD threshold, €, shown

Fig.Mshows the reconstructions for both a tSVD Space-
RIP reconstruction, and a DLS SENSE reconstruction. As
can be seen in Fig.[c), in the region where there is signifi-
cant coil sensitivity information, the anatomical reconstruc-
tions are practically identical.

The main difference between the two methods of reg-
ularization appears in regions with very low coil sensitiv-
ity. The tSVD method thresholds these regions to zero,
which leads to very clean images, at the possible expense
of anatomical feature loss. In contrast, the DLS method in-
troduces conditioning into the system matrix. Thus, the re-
gions outside the coil sensitivity may still be reconstructed
but with very noisy signal. This illustrates the importance of
reconstruction masking, allowing only those pixels covered
by the sensitivity estimates in final reconstructed image.

4. CONCLUDING REMARKS

Through a normal equations framework, we have demon-
strated a mechanism to analytically compare two parallel
MR imaging methods, SENSE and Space-RIP. Based on
this analysis, it was shown that practically identical images
can be formed through uniform downsampling and careful
control of the regularization parameters. The possible ex-
tension of this result to irregular sampling patterns is cur-
rently under study.

Our results emphasize that the choice of regularization
method can be made independently of the parallel MR re-

construction method used. In the parallel imaging process,
the aliasing artifacts and system ill-conditioning come from
distinct sources, including the sub-sampling pattern and low
non-orthogonal coil sensitivity respectively. The mecha-
nism in which they are coupled in the imaging process,
and the appropriate regularization and optimal reconstruc-
tion system to decouple them is an open question and sub-
ject to more study.
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