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ABSTRACT

Many renderingalgorithmscanbeunderstoodasnumericalsolversfor the light-transportequation.Local illumination is
probablythemostwidely implementedrenderingalgorithm:it is simple,fast,andencodedin 3D graphicshardware.It is
not,however, derivedasasolutionto thelight-transportequation.

We show that the light-transportequationcanbe re-interpretedto producelocal illumination by usingvector-valued
light andmatrix-valuedre�ectance. This result �lls an importantgapin the theoryof rendering.Using this framework,
local andglobal illumination resultfrom merelychangingthevaluesof parametersin thegoverningequation,permitting
theequationandits algorithmicimplementationto remain�x ed.
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1. INTRODUCTION

(a) globalre¯ectance (b) shadowlessre¯ectance (c) one-bouncere¯ectance (d) local re¯ectance

Figure1. Figure1: Globally illuminatedsceneexhibiting four differentre¯ectancefunctions.

In thehistoricaldevelopmentof computergraphics,“local illumination” wasthe �rst andsimplestillumination tech-
nique to producethree-dimensionalshadingin an image. The heart of the algorithm evaluatesthe exitant radiance
Lout(x;wout) in thedirectionwout from apoint x onasurfaceaccordingto theequation

Lout(x;wout) = å
i

f (x;wi ;wout) L̂in(x;wi ) cosq (1)

wherethere�ectancefunction f determinestheappearanceof thesurface,theanglewi is measuredfrom thepoint light at
positionpi to thepointx, andtheangleq is measuredbetweenthesurfacenormalatx andthedirectionto pi . Theincident
radiancein thedirectionwi from pi to x is approximatedby

L̂(x;wi ) =
I (pi)

r2 (2)
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Figure2. IncidentradianceLin strikesa point x on thesurfaceandre¯ectswith radianceL out in directionswout

whereI(pi) is theintensityat eachpoint light pi , andthedistancer = jpi � xj is measuredfrom thepoint pi to x. Over the
years,moresophisticatedalgorithmshavebeendevelopedto produceincreasinglyrealisticimages(incorporatingshadows
andinter-re�ections)by approximatingtheequation

Lout(x;wout) = E(x;wout) +
Z

win2S2

f (x;win;wout) Lin(x;win) cosq dwin (3)

for light transport,1 whereintegration is over the sphereS2, Lin is the incident radiance,and the emittedradianceE
is nonzerofor luminaires. SeeFigure 2. In many domainsof computationalscience,physicalphenomenathat obey
governingequationsaresolved by numericalalgorithms. The notion that renderingalgorithmsbelongto the landscape
of computationalsciencehasbeenarticulatedby several authors: the survey article by Christensen2 describeshow the
taskof renderingcanbeunderstoodasthe implementationof a numericalsolver for Equation3, eitherby gatheringlight
into thecamera(e.g. ray tracing,pathtracing,andmatrix-solver radiosity)or by shootinglight from the luminaires(e.g.
progressive radiosityandphotontracing). Kajiya's formulationof light transport3 includesa “geometryterm” g(x1;x2)
betweenpointsx1 andx2 thatcouldbesetto unity whenx2 lies on a luminaire,thuseliminatingshadows. Cana termin
equation3 belikewisecoercedinto producinglocal illumination?

Although the two arerathersimilar, Equation1 differs signi�cantly from Equation3 becausethe incident radiance
Lin arriving at the point x generallydiffers from the approximationL̂in dueto scatteringthat may occuralongthe path
P from pi to x. Equation1 is not intendedto be a physicallyplausibledescriptionof light transport,but it leadsto a
fast implementationbecauseintegrationalongthe pathP canbe neglected. Local illumination canthereforebe viewed
asa correctalgorithmto evaluatethewrongequation,or asan incorrectalgorithmto evaluatethe right equation.But is
it possibleto interpretEquation3 so that local illumination is actually the correctsolution? If so, this would allow us
to formulatea theoryof renderingthat incorporatesthewidely used(andwidely taught)algorithmfor local illumination
asa correctnumericalsolver for a specialcaseof the integral equationfor light transport,asopposedto beinga stand-
alonealgorithmthat is merelysuggestive of correctresults. Undersucha theory, the question“what lies betweenlocal
illumination andglobal illumination?” would be meaningfulbecauseinterpolatingbetweenparametersin anequationis
well understood,whereasinterpolatingbetweenalgorithmsis not.

2. VECTOR-VALUED LIGHT

The paper“Removing shadows from images”4 shows how shadows in an imagecanbe removed asa post-process;by
contrast,we offer an interpretationof Equation3 in which shadows arenot even cast. We accomplishthis via a bit of
subterfugeinspiredby locally-illuminatedscenesrenderedwith OpenGLin which thepoint light sourcesareinvisible to
thecameraandthereforedonotappearin theimage.

Theproblemwith usingaphysicallyfaithful rendererto generatealocally-illuminatedshadowlessimageis thataphys-
ical objectmustbetransparentin orderto permitlight to passthroughit. Suchapurelytransparentsurfaceis characterized
by there�ectancefunction

ftransp(x;win;wout) =
1

cosq
d(wout � win) (4)

(whered is theDiracdeltadistribution)whichcanbesubstitutedinto Equation3 to producetheidentity

Lout(x;w) = Lin(x;w) (5)



Figure 3. Incident invisible radianceL in strikesa point x on a sphere(cut-away view). The surfacetransmitsinvisible light while
re¯ectingvisible light.

for transparency.5 A perfectlytransparentobjectcastsnoshadow, but it alsore�ectsnolight to thecamera.Soapplyingthe
re�ectanceftranspdoesnotquiteproducelocalillumination,becauseit makesobjectstransparentbothto theluminairesand
to thecamera.If, however, a transparentobjectcouldsomehow generate“re�ected” light while allowing theincidentlight
to passthroughtransparently, thentheobjectwouldbevisible to thecameraevenwhile castingnoshadow. In general,the
“re�ected” light obeys thesamere�ectancefunction(which we denotefopaque) asthecorrespondinglocally-illuminated
surface;in particular, fdiffusemimicsanordinarydiffusere�ector by satisfying

fdiffuse(x;win;wout) =
�

kd if cosq > 0
0 otherwise

(6)

wherekd is the diffusecoef�cient. The drawbackwith combining ftranspwith fopaqueis that the total amountof light
increaseswith every scatteringevent,sotheresultingimageis unrealisticallybright, especiallywheretwo surfacesinter-
re�ect.

Oursolutionis to treatlight asa vector-valuedquantityL having bothaninvisibleanda visiblecomponent.

L =
�

Linvisible
Lvisible

�
(7)

Everypixel p[x;y] in theimagestoresthevector-valuedquantityL whosecoordinatesaretheinvisibleandvisiblecompo-
nentsof thelight. The�nal displayedimageshows only thesecond(visible) coordinateof thelight at eachpixel, namely
the(inner)product

[0 1] L (8)

of thevector[0 1] with L. Thus,light from the luminairesultimatelycontributesto the light seenby thecamera,but that
contribution is madeindirectly. The re�ectancefunctionsof the surfacescanbe deliberatelydesignedto producelocal
illuminationwhile leaving thegoverningequationintact.

2.1.Local Illumination

We establishinitial conditionsfor light transportby assigningvector-valuedemittance

E =
�

Einvisible
Evisible

�
(9)

to theluminaires.For OpenGL-stylerenderingwherethelight sourceis not visible in theimage,we require

Evisible = 0 (10)

sothattheluminaireemitspurelyinvisible light. To make theluminairevisible in theimage,we simply requirethat

Einvisible = Evisible (11)



sothattheluminaireemitslight into thesceneandinto thecamera.Theinvisible light is transmittedperfectlythroughany
objectin its path(castingnoshadow), but is re�ectedasvisible light which is thenseenby thecamera.Thevisible light is
absorbedby eachsurfacein thescene.This behavior is summarizedin thescatteringdiagramsbelow, with invisible light
strikinga point x andbeingtransmittedandre�ected,andwith visible light beingabsorbed.

Linvisible ! x
% Linvisible (transmitted)

& Lvisible (re�ected)
(12)

Lvisible ! x (absorbed) (13)

The2� 2 matrix Flocal givenby

Flocal =
�

ftransp 0
fopaque0

�
(14)

organizesthetransparentandre�ectivecomponentsdescribingtheinteractionbetweenthis invisible light anda surfaceso
thattheproduct

Flocal L =
�

ftranspLinvisible
fopaqueLinvisible

�
(15)

producesperfecttransmissionin theinvisiblecomponentandopaquere�ection in thevisiblecomponentof thevector.

Thismatrix-valuedinterpretationof Flocal maybeinsertedin thevector-valuedequationfor light transport

Lout = E +
Z

win2S2

Flocal L in cosq dwin (16)

with emissivecomponentsE = 0 onsurfacesof non-emissiveobjectsandE 6= 0 on luminaires.Theresultingimageusing
Flocal asthere�ectancefunctionis shown in Figure1 (d). Notethattheluminairein this sceneemitslight thatincludesa
nonzerovisiblecomponent,otherwiseit would not show up in theimage.

Ourproposedformulationof vector-valuedlight transportwith matrix-valuedre�ectancehasobvioussimilarity to �uo-
rescenteffectsusingspectralrendering6789 in whichavectorrepresentationof light atdifferentwavelengths(in particular,
ultraviolet andvisible) interactswith a surfacevia a re�ectancematrix thatconvertsincidentlight at onewavelengthinto
re�ected light re-radiatedat anotherwavelength. In our model, the “wavelength”(or better, the pseudo-wavelength)l
is merelyanabstractcontrivancefor interpretingthe invisible light. Thewavelengthdependencecanbestatedexplicitly
usinga re�ectancematrixFl andspectralradianceL l asshown below

Fl L l =

2

6
6
6
6
6
6
4

ftransp 0 0 0 0 0
fopaque 0 0 0 0 0

0 0 ftransp 0 0 0
0 0 fopaque 0 0 0
0 0 0 0 ftransp 0
0 0 0 0 fopaque 0

3

7
7
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6
6
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L̂r
Lr

L̂g
Lg

L̂b
Lb

3

7
7
7
7
7
7
5

(17)

whereFl is a block-diagonalmatrix whose2� 2 blocksaregivenby Equation14 andL̂l denotestheinvisible versionof
radianceLl having basiswavelengthl (whetherred,green,or blue).Thefollowing sectionspresentonly the2� 2 blocks,
asin Equation14,from which thecorespondingfull-spectralre�ectancematrixFl , asin Equation17,canimmediatelybe
derived.

2.2.Global Illumination

To produceconventionalglobalilluminationfor ascenelit by vector-valuedlight, thesurfacesshouldre�ect the“invisible”
light in boththeinvisibleandvisiblechannels(in ordertopropagateinto thescenewhilebeingvisibleto thecamera),permit
no forwardscatteringof light (otherwiseobjectsbecometransparent),andabsorbthevisible light. Thescatteringdiagram
below illustratesthis behavior.

Linvisible ! x
% Linvisible (re�ected)
& Lvisible (re�ected)

(18)



(a) lighting with OpenGL (b) trianglemesh(detail) (c) OpenGL(detail) (d) pathtracer(detail)
Figure4.Comparisonbetweenlocal illumination(usingOpenGL)andglobalilluminationwith thelocaldiffusere¯ectancefunctionF local.

The2� 2 matrix Fglobal givenby

Fglobal=
�

fopaque 0
fopaque 0

�
(19)

describestheinteractionbetweenthis invisible light andasurfacesothattheproductof Fglobal andthevector-valuedlight
L properlyre�ects invisible light to thecameraandinto thescene.Figure1 (a) shows theresultingglobally illuminated
image.

2.3.Hybrid Illumination

With a vector-valuedinterpretationof radianceL anda matrix-valuedinterpretationF of there�ectancefunction,hybrid
illuminationeffectscanbeproduced.For example,themultiple bouncesof light in globalilluminationarefreeto proceed
evenwhennoshadowsarecast;thatis, shadowsandinter-re�ection maybede-coupledasshown in thescatteringdiagram
below thatmodelsshadowlessinter-re�ecting surfaces.

Linvisible ! x
% Linvisible (re�ected+ transmitted)

& Lvisible (re�ected)
(20)

With this form of scattering,a surfacecastsno shadow becausetheinvisible light is transmittedthroughit. This behavior
is representedby thescatteringfunctionFshadowless

Fshadowless=
�

fopaque+ ftransp 0
fopaque 0

�
(21)

whichproducestheshadowlessimagein Figure1 (b).

Producingshadowswithout inter-re�ection is accomplishedby absorbingtheinvisible light while re�ecting it into the
visible channel;thevisible light is absorbedby eachsurfacein thesceneandis merelyavailablefor thecamerato collect.
Thisbehavior is illustratedin thescatteringdiagrambelow

Linvisible ! x ! Lvisible (re�ected) (22)

andis representedby thescatteringfunctionFoneBounce

FoneBounce=
�

0 0
fopaque 0

�
(23)

whichproducesthe“one-bounce”imagein Figure1 (c).



3. COMPARISON TO OPENGL

We comparedtheresultof global illumination usinga diffuseFlocal (renderedwith a MonteCarlopathtracerfor vector-
valuedlight usingRussianroulettefor pathtermination)versuslocal illumination usingpurediffusere�ectors (rendered
with OpenGLasthereferencealgorithm)by creatinga testscenecontainingtwo sphereslit from above. Precisehead-to-
headcomparisonis complicatedby thefactthata point light sourceis almostnever sampledby thepathtracer, but is the
only localsourceof light availablewithin OpenGL.To roughlymatchthegeometryof theluminairein OpenGLandin the
pathtracer, wemodeledtherectangularlight sourceasasetof � vepoint lights(placedin thecentertile andthefour corner
tiles of a 3� 3 checkerboardtiling of theluminaire)in theOpenGLscenewhile treatingit asanareafor thepathtracerto
sample.

OpenGLusestheWarnmodelfor apoint light having intensityI atpositionp andshiningin directionv. At positionx,

I (x) =
(u � v)e

a0 + a1r + a2r2 I (p) (24)

wherer is thedistancefrom p to x, softeningparametersa0, a1, anda2 governthequadraticintensityfalloff, u is theunit
vectorfrom p to x, ande is anexponentcontrollingtheangulardistributionof theintensity. In orderto matchtheemittance
of theluminairesusingOpenGLandusingapathtracer, wesettheparametersa0 = a1 = 0 (coef�cient a2 = 0:0025serves
asascaleparametercharacterizingthespatialdimensionsof thescene)ande= 1. Theresultis thatOpenGLapproximately
matchesthebehavior of anarealight sourcethatemitswith a cosinedistribution.

Figure 4 shows a side-by-sidecomparisonbetweena scenecontainingroughly 500;000 trianglesilluminated by
OpenGLandbyourpathtracerusingFlocal. In thepath-tracedimagetheluminaireemitspurelyinvisiblelight; it it notseen
by thecamera,but its re�ection off of surfacesin thesceneformstheimage.We appliedmulti-passrendering(generating
64 samplesperpixel) to de-aliastheOpenGLimage.Thepathtracergenerated80;000samplesperpixel. Thedifference
in theimagesis largely dueto thevariancein thepathtracer's evaluationof exitant radiance;in 4(d) a magni�ed view of

the foregroundsphererevealsthis speckling.The per-pixel error epixel canbemeasuredas
q

1
3 ((Dr)2 + (Dg)2 + (Db)2)

whereDr, for example,is thedifferencebetweentheredcomponents;thusepixel = 1 is theerrorbetweenblack (0;0;0)
andwhite (1;1;1). The two imagesusetheentirebrightnessrangefrom black to white. No tone-mappingwasapplied.
Themeanper-pixel errorbetweenimages4(a)and4(b) is 0:4%, or 1 part in 255. Our theoreticalmodelintroduceslittle
if any biascomparedto OpenGL:thedifferencebetweentheaveragecolor of eachimageis lessthan1 part in 255. The
smallerrorsupportstheclaim that thevector-valuedinterpretationof light transportin Equation16 is aneffective model
for local illuminationbecauseit accuratelyreproducesanimagerenderedby OpenGL.

4. CONCLUSION

During the history of computergraphics,local illumination developedasan ad-hoctechniquethat was later improved
by deliberatederivation from the equationfor light transport.Local illumination is still widely taughtandwidely used
in graphicshardware; a theory of renderingshouldbe able to explain it in termsof light transport. We have shown
thata vector-valuedinterpretationof light transportsupportssucha theoryof rendering.In particular, thematrix-valued
re�ectancefunctionF canproduce(1) local illumination,(2) globalillumination,(3) shadowswithout inter-re�ection, and
(4) inter-re�ection without shadows,all within asinglealgorithm.Thecorrespondingvaluesof F aresummarizedbelow.

Flocal =
�

ftransp 0
fopaque 0

�

Fglobal =
�

fopaque 0
fopaque 0

�

Fshadowless =
�

fopaque+ ftransp 0
fopaque 0

�

FoneBounce =
�

0 0
fopaque 0

�



We implementeda pathtracer(gatheringlight into thecamera)that usesvector-valuedlight in orderto demonstratethe
effectsthatthesere�ectancesproduce.In particular, Flocal yieldsanimagethatdiffersfrom anOpenGLrenderingby only
1 partin 255(1 bit perbyte)onaverage,supportingtheclaim thatlight transportwith Flocal is aneffectivemodelfor local
illumination. We plannext to demonstratevector-valuedlight transportwithin a light-shootingalgorithm.

TheauthorsgratefullyacknowledgeNSFgrants#0083898and#0430954.Thanksalsoto Andrew Glassnerfor helpful
discussionsabout“magic light.”
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