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Distinct casesof coloringsfor asquare,assigningonecolor to eachvertex.
Top row: sevencasesresultfrom usingfour colors(�uid, bone,tissue,lesion)whenapplyingSeparatingSurfacesto asquare.

Bottomrow: thirteencasesresultfrom usingthreecolors(+ – =) whenapplyingMarchingCubesto asquare.

Abstract

We describehow to count the casesthat arisein a family of vi-
sualizationtechniques,includingMarchingCubes,SweepingSim-
plices, ContourMeshing, Interval Volumes,and SeparatingSur-
faces. Counting the casesis the �rst step toward developing a
genericvisualizationalgorithmto producesubstitopes(geometric
substitutionsof polytopes). We demonstratethe methodusing a
software system(“GAP”) for computationalgroup theory. The
case-countsareorganizedinto a tablethatprovidesa taxonomyof
membersof thefamily; numbersin thetablearederivedfrom actual
listsof cases,whicharecomputedby ourmethods.Thecalculation
con�rms previously reportedcase-countsfor largedimensionsthat
are too large to checkby hand,andpredictsthe numberof cases
thatwill arisein algorithmsthathavenotyetbeeninvented.

CR Categories: G.2 [DiscreteMathematics]:Combinatorics—
Countingproblems;G.4 [MathematicalSoftware]: Algorithm De-
signandAnalysis;

Keywords: level set, isosurface,orbit, groupaction,Marching
Cubes,separatingsurfaces,geometricsubstitution,substitope.

1 The MC famil y of algorithms

The MarchingCubes(MC) algorithmwaspresentedby Lorensen
and Cline in 1987 [Lorensenand Cline 1987] as an exhaustive-
searchalgorithmthat generatesa level set(isosurface)of a scalar
function f . The algorithm iteratesover eachcube tesselating
a compactsubvolume of R3 on which the function f is de�ned.

Thesignof f (vi) � c is evaluatedat theeightverticesvi of a cube,
wherec is someuser-de�ned constant(the isovalue). Neglecting
thedegeneratecasewherethesignis exactlyzero,eachof theeight
verticescan be in one of two states: negative or positive (black
or white). Theseproduce28 = 256 patterns.Many of thesepat-
ternsturn out to be equivalent underthe symmetriesof the cube
(suchasrotationor mirror-re�ection). Otherpatternsareequiva-
lent underreversalof colors(for example,all-blackbeingequiva-
lent to all-white). Throughpatientbrute-forceorganizationof the
256 patterns,onediscoversthereto be fourteenor �fteen equiva-
lenceclassesof the colorings. Among the �fteen casesis a chiral
pairthataremirror imagesof eachother, sothesetwo areequivalent
if orientationis ignored.

In the MC algorithm,the patternof a given cubeis matchedto
oneof thesefourteenor �fteen cases(via a look-up table),anda
pre-determinedarrangementof polygonsis �tted to meetthecon-
straint f (p) � c = 0 for points p within the cube. In otherwords,
the cubeis replacedby zeroor more trianglesapproximatingthe
level set. Examplesareillustratedin �gure 1, showing oneof the
geometricsubstitutionsin a 2-simplex, a 3-simplex, a 2-cube,and
a3-cube.

1.1 Variations on MC

Sinceits original publication,MC hasinspirednumerousmodi�-
cationsandextensions.Thesevariationssuggestthat a family of
algorithmsexists,whosemembersaredistinguishedby a few key
parameters.A selectionof thesevariationsis surveyedbelow.

Variation of the shape. If a 3-simplex (tetrahedron),rather
thana 3-cube,tiles the domain,thenthe scalarfunction is evalu-
atedat only four vertices.Bloomenthalpresentedthis approachin
1988[Bloomenthal1988],andShenandJohnsoncalledit “Sweep-
ing Simplices”in their 1995paper[ShenandJohnson1995]. One
advantageof using tetrahedraratherthancubesis that the analy-
sis is simpler: only threecasesarisefor the vertex coloringsof a
tetrahedron,ratherthanfourteenfor acube.

Variation of the dimension. The two-dimensionalversionof
MC is popularlycalled“MarchingSquares,” whichprovidesasim-
ple motivation for the threedimensionalcase.Although the algo-
rithm is unpublished,it caneasilybederived. Onecan�nd many
descriptionsof Marching Squaresby searchingthe World Wide



Web. It is described,for example,in slidesfor a courseon Data
Visualizationby Rheingansat UMBC, on ComputerGraphicsby
Pfenningat Carnegie Mellon, on Computergraphikby Hanischat
Universiẗat Tübingen,on AdvancedGraphicsby Dodgsonat the
Universityof Cambridge,on Informatik in derMedizinby Gaugler
atUniversiẗatKarlsruhe,andmany others.

When the MC algorithm is extendedto dimensionn = 4, two
problemsarise. First, the number of vertex patternsis large
(65,536),soenumeratingthemall by handis unrealistic.Second,it
becomesquitedif�cult to performthementalrotationsto determine
whentwo color patternsof a 4-cubeareequivalent. As Lorensen
andCline pointedout in thecaseof the3-cube,“triangulatingthe
256 casesis possiblebut error prone. ... we reducedthe problem
to 14 patternsby inspection”(page165). Although this approach
to countingcasesworksfor MarchingSquares,it doesnot scaleto
higherdimensions.

Recently, several researchershave tackled the case-counting
problemfor the four-dimensionalcasein differentways. In 1996,
WeigleandBanks[WeigleandBanks1996]demonstrateda tech-
nique(ContourMeshing)thatdividesthe4-cubeinto 4-simplexes.
They observed that countingcasesfor vertex colorings is much
simpler for the 4-simplex thanfor the 4-cube,anddescribedhow
to substitutezeroor more3-simplexes to approximatea level set
within a 4-simplex being traversed. In 1999, Robertsand Hill
[RobertsandHill 1999]counted272casesfor the4-cubeby com-
putation,numerically taggingequivalent cases. In 2000, Bhani-
ramka,Wenger, andCraw�s [Bhaniramkaet al. 2000] followed a
similar approach,announcingtheexistenceof 222casesfor the4-
cube.

Variation of theshape'ssymmetry. Thesymmetriesof a�gure
aredueto transformationsthatpreserve its shapeand,perhaps,ori-
entation.If oneconsidersorientation(clockwiseversusa counter-
clockwise)to be irrelevant, onelosesdistinctionsbetweencertain
coloringsof squares.So the numberof casesdependsin part on
the choiceonemakeswhenconsideringsymmetriesof the shape.
Theoriginal MC dealswith two casesthatare“chiral,” that is, not
equivalentto their mirror imagesunderthe orientation-preserving
symmetriesof the cube. Accordingly the problemreducesto �f-
teencasesunderorientation-preservingsymmetriesandto fourteen
casesunderthelargergroupwhich includesmirror re�ection.

An analogoussituationexists in every dimension– thegroupof
orientation-preservingsymmetriesis, in general,only half aslarge
as the groupof all symmetries.So theremay be �gures that are
equivalentunderthe larger groupbut not the smallerone. This is
the reasonthat Robertsand Hill found a larger numberof cases
thanBhaniramka,Wenger, andCraw�s (272 versus222 cases)–

Figure 1: Examplesof geometricsubstitutionrules in March-
ing Cubes,generalizedto n-simplexesandn-cubes,for n 2 [2::3].
The colorscorrespondto sign of f (vi) � c at eachvertex suchas
black for negative and white for positive. Upper left: 2-simplex
replacedby line segment. Upperright: 3-simplex replacedby tri-
angle. Lower left: 2-cubereplacedby line segment. Lower right:
3-cubereplacedby triangle.

they wereadmittingasmallersymmetrygroup.
Variation of the number of colors. Theworksdescribedabove

all sharethegoalof producinga level setof a scalar-valuedfunc-
tion. But in 1997NielsonandSungshowed that this strategy of
countingcasesandusingpre-computedgeometrycanbe usedfor
other purposes. In their “Interval Volumes” [Nielson and Sung
1997],they generatedsubvolumesof adomaincorrespondingto the
locusof pointsx satisfyingx : a < f (x) < b. In thearenaof com-
putationalgeometry, this subvolumeis representedby theBoolean
intersectionLa \ Lb, whereLa andLb arethesubvolumesin which
a < f (x) and f (x) < b, respectively. Previously this constructive
solid geometry(CSG) problemhad beenapproachedin a totally
differentway by ThibaultandNaylor in 1987usinga binaryspace
partitioning(BSP) tree [Thibault andNaylor 1987]. Nielsonand
Sung's novel insight wasthat threediscretesituationsor “colors”
canprevail atavertex (i.e., f < a; a < f < b; b < f ), leadingto �f-
teencasesof vertex coloringsof a tetrahedron.Figure2 (top row)
showsanexampleof thegeometricsubstitutionin Interval Volumes
for a 2-simplex anda 3-simplex. They couldhave further reduced
thecases,asLorensenandCline did, by treatingasequivalentany
two �gures whosecoloringschemesarereversed,i.e., changingthe
symmetryof thecolors.Hegeandcolleaguesalsoconsideredusing
multiplecolors,which they describein two technicalreports[Hege
et al. December1997] [Stalling et al. December1998]; their im-
plementationis the basisof the “amira” visualizationtool's GMC
module[AMI n. d.], whichhasbeenusedto simulateratdissection
in avirtual environment[Montgomeryetal. 2001].

Weigle and Banksalso consideredthe effect of changingthe
numberof colors.They discussed,but did notenumerate,thecases
wherethe function is exactly zeroat a vertex of a simplex, repre-
sentinga third “color.” In MarchingSquares,this third color leads
to thirteencases.Theseareillustratedat thetop of this paper(bot-
tom row of �gure). Until now therehasbeenno publishedcase
countfor MC with this third color included;we calculatethesolu-
tion andreportit in section5.

Variation of the colors' symmetry. In 1997, Nielson and
Franke presenteda techniquefor generatinga separatingsurface
[Nielson andFranke 1997]. A separatingsurfaceis the boundary
betweensubvolumes,eachof which hasa discretecolor or type.
For a 3-simplex, it suf�ces to considerfour availablecolorsfor the
four vertices,NielsonandFranketreatedasequivalentany two ver-
tex coloringswherethecolorsof one�gure areapermutationof the
colorsof theother. For example,a tetrahedronwith two verticesof
color1 andtwo of color2 is equivalentto thecaseof two verticesof
color3 andtwo of color4. Their paperlists four of the� ve possible
cases(the remainingcasebeingthe trivial casewhereall vertices

Figure2: Examplesof geometricsubstitutionrules. For Interval
Volumes(upperrow), Colorsdenoteintervalssuchaswhitefor (-¥ ,
a), gray for (a, b), andblack for (b, ¥ ). Left: 2-simplex replaced
by line segment.Right: 3-simplex replacedby triangles.For Sepa-
ratingSurfaces(lower row), colorsdenotesetmembershipsuchas
�uid, bone,tissue,lesion. Left: three-colored2-simplex replaced
by line segments.Right: two-colored3-simplex replacedby trian-
gles.



have thesamecolor). Figure2 (bottomrow) shows anexampleof
geometricsubstitutionin SeparatingSurfacesfor a 2-simplex and
a 3-simplex. LorensenandCline reducedthe numberof casesby
consideringequivalencesinducedby thereversalof color. By com-
parison,NielsonandFranke consideredcolor symmetryto include
not just reversalof anorderedsetof colors,but all possiblepermu-
tationsof colors.Theimportantroleof groupsactingonshapesand
colorsis notedin Hege's abstract[HegeMay 25-29,1998] from a
seminaratDagstuhl.

1.2 Generic Marching Cubes

Thetechniquessurveyed in section1.1 sharea basicapproachbut
vary in detail.Thebasicapproachis asfollows.

1. A polytope(whethera cubeor a tetrahedronor a 4-cubeor a
4-simplex) in somedomainis inspected.

2. Eachvertex vi is assignedacolor f (vi), asdictatedby someuser
interactionsuchasmoving asliderbarto selectadifferentisovalue.

3. (Optional)The polytopecoloring is matchedto representative
casevia a look-uptable.

4. Geometricsubstitutionis performed,replacingthepolytopewith
someothergeometry, e.g., to representanisosurface.

Geometric Substitution. Geometricsubstitutionwasusedby
Lindenmayerin 1971 [Lindenmayer1971] and by Prusinkiewicz
in 1990 [Prusinkiewicz and Lindenmayer1990] to model natu-
ral shapes;Glassnerusedgeometricsubstitutionto createcom-
plex shapes[Glassner1992]. Geometricsubstitutionwasusedto
simplify polygonal meshesby Lounsbery, DeRose,and Warren
[Lounsberyet al. 1997] and by Kobbelt, Campagna,and Seidel
[Kobbeltetal. 1998],whose�gure 1 showstheexplicit useof age-
ometricsubstitutionrule. Sogeometricsubstitutionis by nomeans
exclusive to MC. Thereis no commonlyusednamefor polytopes
that resultfrom geometricsubstitutionof otherpolytopes;we pro-
posecalling themsubstitopes.

WeigleandBanksdemonstratedwith ContourMeshingthat the
recursivenatureof substitopespermitsanMC-styletechniqueto be
appliedrepeatedlyto a dataset:they reducedthe dimensionfrom
four to threeto two, generatingsurfacesin R4.

Acceleration Schemes. Some,but not all, of thevariationson
MC pre-computea look-up table,which servesasan acceleration
techniquewhenthegeometricsubstitutionis applied;thegeometric
substitutioncanalsobeperformedprocedurally.

Anotherway to acceleratethealgorithmis to skip over thetriv-
ial substitutionsratherthanto employ anexhaustive traversalof the
domain. Traversingthe domainis the most inef�cient portion of
thesealgorithms,becausein practicemostpolytopesarereplaced

comment ĝ ĝ (s) g
identity () (v1;v2;v3;v4) ()
swap (x y) (v1;v3;v2;v4) (2 3)
�ip (x -x) (v2;v1;v4;v3) (1 2) (3 4)
�ip (y -y) (v3;v4;v1;v2) (1 3) (2 4)

swap�ip (x -x)(x y) (v3;v1;v4;v2) (1 2 4 3)
swap�ip (y -y)(x y) (v2;v4;v1;v3) (1 3 4 2)

swap�ip �ip (y -y)(x -x)(x y) (v4;v2;v3;v1) (1 4)
�ip (y -y)(x -x) (v4;v3;v2;v1) (1 4) (2 3)

Figure 3: Permutationsacting on axes and vertices. Column ĝ
givespermutationsof x andy axes. Columnĝ(s) shows theeffect
of apermutationonverticesof thesquares=(v1;v2;v3;v4). Column
g givescorrespondingpermutationsof vertices. Permutationsare
writtenascycles,actingby compositionfrom right to left.

by theemptyset. Theperformanceof MC improvesconsiderably
whenaspatialdatastructureisavailablethatdeliversthesubdomain
containingonly polytopesfor which the geometricsubstitutionis
non-trivial. Shen,Hansen,Livnat, and Johnsonshowed in 1997
how a hierarchicaldatastructurevastly improvesthe speedof the
algorithmby spendingmostof the computationon the non-trivial
replacements[Shenetal. 1997].Theirwork built onpreviouswork
by Wilhems and Van Gelder that imposedoctreeson the spatial
domain[WilhelmsandGelder1992],andwork by Gallagher[Gal-
lagher1991] that invertedthe spatialdatabaseto supportqueries
basedon thevalueof thescalar�eld, whichwereincorporatedinto
SweepingSimplices.

Parametersneededfor counting cases. As thevariationslisted
in section1.1suggest,thereare� ve key parametersthatdetermine
thenumberof casesthatarisefor coloredpolytopes.Thenumber
of casesis independentof theactualgeometricsubstitutionthat is
employed.The� veparametersare

1. thesymmetryappliedto thepolytope;
2. thesymmetryappliedto thecolors;
3. thechoiceof polytopefrom thesetf n-simplex, n-cubeg;
4. thedimensionn of thepolytope;and
5. thenumberk of colors.

Theremainderof thispaperexplainshow to countcasesby using
grouptheory:orbitsof groupsactingon setsareenumeratedusing
acomputationalalgebrapackage.Section2 describestheaspectsof
grouptheorythat arerequiredfor solving the case-countingprob-
lem. Section3 describeshow atool for computationalgrouptheory
canbeprogrammedto countcasesandshows theresultsof thecal-
culationsorganizedinto a table. Section5 indicateswherevarious
Marching-Cubes-stylealgorithms�t into thisnew taxonomy.

2 Action of a Group on a Set

For yearsmathematicianshave studiedproblemssimilar to count-
ing casesof polytopecolorings.In orderfor usto applytheirresults
we �rst convert theproblemof countingcasesin variousvisualiza-
tion algorithmsinto the appropriatemathematicallanguage.This
taskrequirestheuseof grouptheory, describedbrie�y below.

Thetheoryof groupsowesits nameto apaperpublishedin 1854
by Arthur Cayley [Cayley 1854], “On the theory of groups.” A
groupis asetwith abinaryoperationsatisfyingfour criteria:

1. thesetis closedundertheoperation;
2. theoperationobeys theassociative law;
3. thesethasanidentityelement(denotedby thesymbol1); and
4. eachelementhasaninverse.

Figure4: Permutationsfrom �gure 3 actingon the x andy axes
andon thesquarês. Top row: �rst four permutationsappliedto ŝ.
Bottomrow: next four permutationsappliedto ŝ. Notethathalf of
thepermutationspreserveorientation,oneon thetop row andthree
on thebottom.



Often the appearanceof the binary operationis suppressed,so
a� b is written asab, anda� a is written asa2. More detailsabout
groupscanbe found in textbookson modernalgebra,suchasthe
popularone by Fraleigh [Fraleigh 1998]. Familiar examplesof
groupsinclude integerswith the addition operation,and rational
numbers(withoutzero)undermultiplication.

In creatingthe table for MC, Lorensenand Cline produceda
set of 256 cubecolorings. Then they consideredthe action of a
symmetrygroupon the256cubecolorings.Thegroupoperationis
composition:apermutation(of verticesandcolors)composedwith
anotherpermutationis again a permutation,satisfyingrequirement
(1) of a group, namely, closure. One can readily determinethat
permutationsalsomeettheotherthreecriteriafor beingagroup.

A groupactson a setX by mappingit to itself in a particular
kind of way. Therequirementsof agroupactionaregivenbelow.

De�nition . A groupG is said to act on a set X if (1) the iden-
tity �x esevery elementof X i.e., 1x = x, and (2) the associative
law holds; i.e, (g2g1)x = g2(g1x), where1;g1;g2 2 G, andx 2 X.
(Note: someauthorsapply actionsfrom the right ratherthan the
left, thuswriting xg1g2.)

Example. The symmetricgroup S2 of all permutationsof coordi-
natesx andy actsonR2.

S2 = f (x ! x; y ! y); (x ! y; y ! x)g

The�rst (identity)elementleavesthex andy coordinates�x ed;the
secondelementsendsx to y andy to x, producingare�ection about
a diagonalline. Both actionspreserve theshapeof anaxis-aligned
squarecenteredat theorigin.

Theusualconventionwhenwriting a permutationis to list thecy-
clesit inducesonelementsof theset.For example,thepermutation
(x ! y; y ! x) sendsx to y which goesto x; the permutationis
denotedby the cycle (x y). The identity mappingis, by conven-
tion, denoted() ratherthan(x)(y), andtrivial cycles like (x) and
(y) aresuppressedwhenthe permutationis written out. Thusthe
symmetricgroupon two lettersis the setwith two permutations:
theidentity, written (), andtheswap,written (x y).

The shapeof the squareis alsopreserved by the actionof mir-
ror re�ections (�ips) exchangingx with -x or y with -y. These�ip
groupscontainthepermutationsf () ; (x -x)g andf () ; (y -y)g; each
�ip groupis equivalent(isomorphic)to thegroupS2. Their direct
productcontainsall four combinationsof �ip operations.

S2 � S2 = f () ; (x -x); (y -y); (x -x)(y -y) g

Thesefour operationscorrespondto theidentity, a �ip of thex-axis,
a �ip of they-axis,and�ips of bothaxes.

2.1 Group Acting on the Set of Vertices

Thefull setof symmetriesonann-cubeis thewreathproduct(writ-
teno) of a �ip with thepermutations.We let shapeGrouprepresent
thesymmetrygroupactingon a polytope,soshapeGroup= S2 oSn
for the cube. The wreathproductis too complicatedto describe
here; for its de�nition seethe algebratextbook by Cohn [Cohn
1984].

Oneparticulargeometricincarnationof a squareis ŝ, which has
verticeslabeledasv1 = (-1, -1), v2 = (1, -1), v3 = (-1, 1), andv4 =
(1, 1), correspondingto the lower left, lower right, upperleft, and
upperright verticesof a squarecenteredat theorigin. Squares,for
thepurposeof countingcases,resultfromany actionof shapeGroup
on this referencesquarês. Thisobservationis formalizedbelow.

De�nition . A standardsquareis the tuple ŝ=(v1;v2;v3;v4) andits
imageunderany action of shapeGroup. That is, s is a standard
squareif andonly if s= gŝ for someg 2 shapeGroup.

Example. The element(x -x) of shapeGroup actson the square,
�ipping it in thex direction.So(x -x)( ŝ) = (v2;v1;v4;v3).

Although we de�ned shapeGroup in termsof its actionson the
plane(in particular, its actionson the positive andnegative axes),
we would preferto think of it in termsof its actionson vertices.In
the exampleabove, the �ip (x -x) putsvertex v1 into the second
slot andputsv2 into the �rst slot, sincenegating thex coordinates
swapsthebottomtwo vertices.By looking at thetupleon theright
handside,onecandeducewhat permutationactedon ŝ: an out-
of-positionvertex must have beenpermuted. So if vi is put into
position j, thenthepermutationmapsi ! j.

Example. Under the actionof (x -x) on the plane,vertex v1 in
thesquares movesto position2 andvertex v2 movesto position1.
Likewise,verticesv3 andv4 swappositionsin thetuple.Thegroup
element(x -x) canbere-labeledaccordinglyin termsof its effect
on theverticesof ŝ, namely(1 2)(3 4).

This re-labelingis importantin section3, which describeshow the
computationalalgebrapackage“GAP” cancreateshapeGroupau-
tomatically.

All eight actionsof shapeGroup are listed in �gure 3. In the
left-mostcolumnof thetablein �gure 3, elementĝ 2 shapeGroup
is written in termsof thecoordinatesx andy. Themiddlecolumn
shows its actionon the squareŝ = (v1;v2;v3;v4). The right hand
columnre-namesthegroupelementasg, whichactsonthevertices
of thesquare.

2.2 Group Acting on the Set of Color s

In countingcasesfor MC, weseethatonegroupactsonthevertices
of asquareby moving themaround;anothergroupactsonthesetof
colorsby permutingthem. We call the secondgroupcolorGroup.
A vertex vi in a squarecanbe labeledwith two symbols+ and-
or, equivalently, canbemarkedwith two colorscolor1 andcolor2
to indicatethesignof f (v) � c, wherec is the isovalue. Thecolor
of vertex vi is determinedby a coloring function c which maps
verticesto colors.If ŝ is apermutationon thecolors,thencolori is
mappedto thecolor ŝ (colori). Thenotationis simpli�ed if weuse
thepermutations thatmapsonecolor index to anothercolor index.
Thus

ŝ (colori) = colors (i)

Example. Thepermutations = (1 2) actsasfollows on thecolor
indexes1 and2.

(1 2) (1) = 2 i.e., s of 1 is 2

(1 2) (2) = 1 i.e., s of 2 is 1

Sothereis onegroup(i.e., shapeGroup) thatactson thevertices
of a square,and another(i.e., colorGroup = S2) that actson the
colors. Togetherthey act on the combinatorialsetof all 24 = 16
coloringsof thesquare.Thenext sectiondescribesthisaction.

2.3 Group Acting on the Set of Colorings

Havingde�nedactionsonverticesandoncolors,wecannow de�ne
agroupactiononcoloredvertices.It is convenientto write c (vi) as
ci , suppressingthev, sothatacoloringof thesquarecanbewritten
in thecompactform givenbelow.

De�nition . A coloring of the squareis the 4-tuple of colors
(c1; c2; c3; c4) andits permutationsby shapeGroup� colorGroup.

Examples. Supposecolor1 is purple and color2 is orange. The
coloring(1, 1, 1, 1) hasall purplevertices.Thecoloring(1, 1, 2, 2)
haspurplefor thebottomtwo verticesandorangefor the top two.



Figure5: Orbitsof shapeGroup� colorGroupactingoncolorings
of thesquare.In eachrow, any coloringcanbemappedto any other
via theactionof someelement(g;s ) of coloringGroup.

Thecoloring (1, 2, 1, 2) haspurpleon the left sideandorangeon
theright.

ThedirectproductshapeGroup� colorGroupactsonacoloring
in theobviousway: anelementof shapeGroupshuf�es theorderof
the four colors,andanelementof colorGrouppermutesthevalue
of thecolors.Wecall thisproductcoloringGroup. An elementh of
coloringGrouphastheform (g;s ), whereg actson verticesands
actsoncolors.

Example. Theactionof ((2 3), ŝ ) onacoloringis

((2 3); ŝ ) (c1; c2; c3; c4) = (ŝ (c1); ŝ (c3); ŝ (c2); ŝ (c4))

Thetwo middletermsgetswitched,theresultof permutation(2 3)
actingon thetuple,andthecolorsgetpermuted.

Representingcolori by its subscripti allows theactionon thecol-
oring (1, 1, 2, 1) to bewrittenasfollows,usings ratherthanŝ .

((2 3);s ) (1;1;2;1) = (s (1);s (2);s (1);s (1))

Again themiddle two elementsgetswappedby (2 3) ands is ap-
pliedto thecolor indexes.Wenext show anexamplewith aspeci�c
permutationfrom shapeGroupandaspeci�c permutationfrom col-
orGroupactingonaspeci�c coloring.

Example. The groupelement((2 3), (1 2)) actson the coloring
(1, 1, 2, 1) asfollows.

((1 2)(1); (1 2)(2); (1 2)(1); (1 2)(1)) = (2;1;2;2)

Sothemiddleelementsof thetuplegetswappedandall thecolors
getreversed.

Two coloringsx1 andx2 aresaidto beequivalentif a groupac-
tion mapsoneinto theother(by permutingtheverticesandcolors).
For example,all eightof thesquaresareequivalentwhosevertices
arethreeblackandonewhiteor oneblackandthreewhite. Eachof
thesesquarescanbemappedto any othervia theactionof someel-
ementof coloringGroup. Eachequivalenceclassof coloringsforms
anorbit, which is de�ned below.

De�nition . The orbit of the groupG actingon the coloring x1 is
thesetof coloringsf x2 : gx1 = x2; for some g 2 Gg.

As �gure 5 shows, coloringGroup, acting on the 16 colorings
of a square,hasfour orbits: an orbit with 2 elements(all colors
the same),an orbit with 8 elements(a singletoncolor), an orbit
with 4 elements(adjacentpairsof a color), andanotherorbit with
2 elements(diagonalpairsof a color). Figure6 shows thesesame
four orbits,written in the notationof a four-tuple of vertex colors
as in �gure 4; the goal of section3 is to producethis numerical
depictionof theorbitsastuples.

(1, 1, 1, 1) (2, 2, 2, 2)

(1, 1, 1, 2) (1, 1, 2, 1) (2, 1, 1, 1) (1, 2, 1, 1)
(2, 2, 2, 1) (2, 2, 1, 2) (1, 2, 2, 2) (2, 1, 2, 2)

(1, 1, 2, 2) (2, 2, 1, 1) (1, 2, 1, 2) (2, 1, 2, 1)

(1, 2, 2, 1) (2, 1, 1, 2)

Figure6: Orbits of shapeGroup � colorGroupactingon color-
ingsof thesquare.Theseencodingsof coloringscorrespondto the
imagesin �gure 5, wherewhite=1andblack=2.

For two-dimensionalMarchingSquares,countingorbitsof prod-
uctsof groupsactingon coloringsof verticesis no improvement
overdrawingameresixteen�gures byhandandinspectingthemfor
equivalence.However, by castingtheproblemin termsof combina-
torial algebrawecanexploit powerful computationaltoolsto count
the orbits for us in situationswherethe large dimensionor large
combinationof coloringsmakeshand-enumerationoverwhelming.

In thissectionweusedthesquareasanexampleof theprocessof
countingorbitsof groupactionsoncolorings,but ourgoalis to con-
siderothershapesaswell (suchastrianglesandtetrahedra),other
setsof colors,andotherkinds of groupsactingon eachof them.
Beforegeneralizingthe algebraicdetails,we �rst describea com-
putationalalgebrapackageanddemonstrateits ability to enumerate
thenumberof casesfor asquare.

3 Computational Group Theor y

Many practicalquestionsin grouptheorycanbeansweredby sheer
calculation.Computationalgrouptheoryis concernedwith thenu-
merical solution of problemsin group theory, a notableexample
beingthesolutionsto Rubik's cube.An articleby Seressgivesan
overview of computationalgrouptheory[Seress1854].

Two numericalpackagesfor computationalgroup theory are
widely used:GAP(Groups,Algorithms,andProgramming),which
is free software, and Magma,costingabout$US 1000 for a sin-
gle licenseat the time of this writing. For more details about
thesepackages,see“GAP – Groups,Algorithms and Program-
ming” [Schönert1994]and“An Introductionto MAGMA” [Cannon
andPlayoust1993].

Practitionersof visualization,andothercasualusersof compu-
tationalgrouptheory, are likely to chooseGAP becauseit is free
software. So we describehow to useGAP to solve the particular
problemof countingcasesfor a two-coloredsquare.(Usersshould
be awarethat GAP usesthe conventionof applyinggroupactions
from theright, asnotedin thede�nition of actionin section2.)

Below is atranscriptof aninteractivesessionusingGAP, slightly
editedfor formattingpurposes.The userinput is shown in sans-
serif font, and GAP's reply is shown in the �x ed-width type-
writer font. We begin by creatingshapeGroup, colorGroup,
andcoloringGroup for dimensionn with k colors(note: the dou-
blesemicolonssuppressfeedbackfrom GAP).

n := 2;;
k := 2;;
shapeGroup := WreathProductProductAction (SymmetricGroup(2),

SymmetricGroup(n));;
colorGroup := Group (PermList (Reversed ([1..k])));;
coloringGroup := DirectProduct (shapeGroup, colorGroup);;

Next we constructprojectionoperatorsto extract the two groups



backfrom theirdirectproduct.

shapeProjection := Projection (coloringGroup, 1);;
colorProjection := Projection (coloringGroup, 2);;

Next we generatethelist of colorsandcolorings,allowing GAP to
answerbackwith its results.

numVerts := 2ˆn;;
coloredVerts := ListWithIdenticalEntries (numVerts, [1..k]);
[ [1..2], [1..2], [1..2], [1..2] ]
colorings := Cartesian (coloredVerts);

[[1,1,1,1], [1,1,1,2], [1,1,2,1], [1,1,2,2],
[1,2,1,1], [1,2,1,2], [1,2,2,1], [1,2,2,2],
[2,1,1,1], [2,1,1,2], [2,1,2,1], [2,1,2,2],
[2,2,1,1], [2,2,1,2], [2,2,2,1], [2,2,2,2] ]

Thenwede�ne a functionto producetheactionof agroupelement
on a coloring. Theprojectionsof element(g;s ) of coloringGroup
yield thecomponentsg ands thatshuf�e theorderof thetupleand
permutethecolors.

action := function (coloring, groupElement)
local shapePerm, colorPerm, shuf�ed, result;
shapePerm := Image (shapeProjection, groupElement);
colorPerm := Image (colorProjection, groupElement);
shuf�ed := Permuted (coloring, shapePerm);
result := OnTuples (shuf�ed, colorPerm);
return result;

end;;

Wenow let GAPproducetheorbitsandcounthow many thereare.
Noticethat theseorbitsagreeexactly with thetupleswe computed
in �gure 6.

orbits := OrbitsDomain (coloringGroup, colorings, action);
[[[1,1,1,1], [2,2,2,2]],

[[1,1,1,2], [1,1,2,1], [1,2,1,1], [2,2,2,1],
[2,1,1,1], [2,2,1,2], [2,1,2,2], [1,2,2,2]],

[[1,1,2,2], [2,2,1,1], [1,2,1,2], [2,1,2,1]],

[[1,2,2,1], [2,1,1,2]]]
Length (orbits);
4

This demonstrationshows how GAP canenumeratetheorbitsof a
groupactionin MarchingSquares,andthusto determinethenum-
berof casesfor polytopecoloringsthatarisein thetwo-dimensional
versionof MarchingCubes.Thevariablenamessuggesthow to ex-
tendthis exampleto handleothercases;for example,onecansim-
ply changethe valueof n from 2 to 3 to enumeratethe orbits and
countthemfor MC. Onecanalsochangethe de�nition of shape-
Group or colorGroup at the beginning of the codeto generatethe
orbits for still othercolorings.Thenext sectiondescribeshow this
approachcanbeextendedto handleadditionalgeometriesandsym-
metries,constructinga completetaxonomyof case-countsfor sub-
stitopes.

4 Taxonom y of Substitopes

In orderto extendthecase-countingcapabilitiesof our demonstra-
tion GAP program,we must expressthe shapegroupsand color
groupsfor varioussubstitopes.The coloringsof interestto us are
theonesthatarisein algorithmslikeMC. Theshapegroupsinvolve
simplexesandcubes,with orientation-preserving(direct)symmetry
andwith full symmetryactingon them. Thecolor groupsinclude
reversalandfull permutation.

Shapegroups. A polytopein n-dimensionalspaceis actedon
bysymmetriesof thatspace.TheorthogonalgroupO(n), consisting

of n� n orthogonalmatrices,formsa continuousgroupunderma-
trix multiplication. This groupcontains�nite subgroupsthat pro-
ducethesymmetriesof then-simplex andof then-cube.Thesym-
metriesof thesimplex form asubgroupof O(n) isomorphicto Sn+ 1,
thesymmetricgrouppermutingthen+ 1 verticesof then-simplex.
Thesymmetriesof thecubeform asubgroupof O(n) isomorphicto
S2 oSn, alsoknown asthehyperoctahedralgroup.Thesetwo groups
arethefull symmetrygroupsof thesimplex andthecube.

The set of orientation-preservingsymmetriesof Rn forms the
specialorthogonalgroupSO(n), a subgroupof O(n). Its intersec-
tion with afull symmetrygroup,calledadirectsymmetry, yieldsthe
orientation-preservingsymmetrieson thesimplex or thecube.The
direct symmetrygroupfor the n-simplex is the alternatinggroup
An. The direct symmetrygroup for the n-cubeis the direct-cube
group.

Color groups In theexamplescitedin Section1.1above, vari-
ationson MarchingCubeshave employedthreedifferentgroupsto
permutecolor indexes.Thesearelistedbelow.

(1) Thesimplestcolor groupis the identitygroup,which leaves
eachindex �x ed. NielsonandSungconsideredtheorderingof the
colorsto besigni�cant, meaningthe identitygroupIdk actedon k
colors.

(2) The reversal group Revk on the numbersf 1..kg swapsthe
�rst with thelastelement,thesecondwith thenext-to-lastelement,
and so forth. Lorensenand Cline usedthe reversalgroup to re-
ordertwo colors.ThegroupRevk containsonly two permutations:
theidentitypermutation() andthepermutationr de�ned below.

r =

(
(1 k)(2 k-1)::( k

2
k+ 2

2 ) if k is even

(1 k)(2 k-1)::( k-1
2

k+ 3
2 ) if k is odd

(3) Nielson and Franke consideredtwo color orderingsto be
equivalentnomatterhow they werepermuted,therebyallowing the
symmetricgroupSk to acton thek colors.

So we seein the literaturevariationson MC in which shape-
Groupis oneof thetwo typesof symmetryf direct,fullg actingon
apolytopep 2 f simplex, cubeg, andcolorGroupis oneof thethree
groupsf Idk, Revk, Skg. We programmedGAP to �ll in a table(ta-
ble1) of combinationsof theseparameters,with boththedimension
n andthenumberk of colorsin therange[1..4]. Eachentryin theta-
blegivesthenumberof cases(orbits)for thecorrespondingcolored
polytopes.A tableentrynotedin boldfaceindicatesa combination
of parametersthatwasatwork in any of six algorithmssurveyedin
section1.1. The GAP sourcecodeorbitTable.gap that gen-
eratedthe table is freely available for downloadat the GAP Web
site.

Thetableis easilycomputedonadesktopmachinefor n andk in
the range[1..3]. For this range,we measuredthe tablegeneration
time at aboutten secondson a desktopmachinewith 1 GB mem-
ory anda 1.7GHz Intel Xeonprocessor. But thememorydemands
increasesigni�cantly for the4-cubewith morethantwo colors;cal-
culatingtheorbitsexceededthecapacityof ourdesktopmachine.In
ordertoenumeratethesixcoloringgroupsactingonthe4-cubewith
3colors,weusedtheparallelGAPpackageParGAPbyGeneCoop-
erman[Cooperman1999]andranit on a Beowulf cluster[Sterling
et al. 1995]composedof 85 nodes,eachnodehaving dual2.4GHz
processors,connectedby 100Mb/s Ethernet.Usingtwo processes
pernode(with 0.5GB of workspaceperprocess)on twelve nodes,
calculatingeachof the six tableentriesfor the 4-cubewith three
colors took about300-500secondsof wall-clock time, andabout
1000-3000secondsof CPU time. In otherwords,calculatingthe
six casesn = 4, k = 3 for thecubetookmorethana thousandtimes
longerthancalculatingthe54caseswheren � 4 andk � 3.

Calculatingthecase-countsfor four colors(k= 4) exceededeven
thememorycapacityof ourparallelversion,althoughit appearsthat
theParGAPversionof ourcodecouldbefurthermodi�ed to exploit



n-simplex n-cube
nnk 1 2 3 4 nnk 1 2 3 4

1 1 4 9 16 (direct,Idk) 1 1 4 9 16
2 1 4 11 24 2 1 6 24 70
3 1 5 15 36 3 1 23 333 2916
4 1 6 21 56 4 1 496 230076 > 22000000

1 2 5 8 (direct,Revk) 1 2 5 8
1 2 6 12 1 4 14 38
1 3 9 20 1 115 183 1508
1 3 12 28 1 2272 115606 > 11000000

1 2 2 2 (direct,Sk) 1 2 2 2
1 2 3 3 1 4 6 7
1 3 4 5 1 15 72 166
1 3 5 6 1 272 38914 > 930000

1 3 6 10 (full, Idk) 1 3 6 10
1 4 10 20 1 6 21 55
1 5 315 35 1 22 267 1996
1 6 21 56 1 402 132102 > 11000000

1 2 4 6 (full, Revk) 1 2 4 6
1 2 6 10 1 4 713 31
1 43 79 19 1 114 7147 71036
1 53 5;712 28 1 2222 766524 > 5600000

1 2 2 2 (full, Sk) 1 2 2 2
1 2 3 3 1 4 6 77
1 3 4 65 1 14 58 7124
1 3 5 6 1 222 22490 > 460000

Table1: Tableof casecountsfor substitopes.Eachof the twelve
sub-tablescontainsthecase-countsfor thetuple(shapeGroup,col-
orGroup, polytope, n, k), with n and k in the range[1..4]. Each
row of sub-tablesshares(shapeGroup,colorGroup), asindicatedin
themiddle. Theleft columncontainssub-tablesfor simplexes;the
right columnfor cubes.Case-countsspeci�cally mentionedin this
paperarehighlightedin boldface. 1MarchingCubes. 2Marching
Hypercubes.3Interval Volume. 4SweepingSimplices. 5Contour
Meshing.6SeparatingSurfaces.7CountingCases(thispaper).

�ner -grainparallelismandthussatisfythememoryconstraint.We
thereforemerelyestimatea lower boundfor eachof theseentries,
basedon the fact that no orbit canbe biggerthanthe orderof the
group.

5 Summar y

MarchingCubes(MC), andalgorithmslike it, sharethe essential
featureof applyinggeometricsubstitutionto polytopecoloringsto
producesubstitopes.Thesealgorithmsvary in thechoiceof groups
acting on verticesand on colors, in the choiceof polytope,and
in the choiceof dimensionn and numberof colors k. We pre-
senteda techniquefor enumeratingthe casesthat arisein count-
ing the casesof polytopecolorings, and showed how this tech-
niquecanbeappliedusingsoftwarefor computationalgrouptheory
software(calledGAP). Onebene�t of a tool for computationalal-
gebrais that it independentlycon�rms the resultsannouncedby
Bhaniramka,Wenger, andCraw�s [Bhaniramkaetal. 2000]andby
RobertsandHill [RobertsandHill 1999] for countingthecasesin
four-dimensionalMC, resultsthatcannotreasonablybecheckedby
hand. Moreover it permitsus to predictthe sizeof tablesfor MC
variantsthathave yet to be implemented.Thefollowing examples
illustratethepredictiveutility of thetable.

Example.Whathappenswhenthealgorithmfor SeparatingSur-
facesis extendedto 3-cubeswith four colors?Consultingthetable

(full, Sk, n-cube,3, 4) we seethat 124casesarise. For the square
(n = 2) with four colors,only sevencasesarise;they areillustrated
in the diagramat the top of the paper(top row), with a possible
interpretationof colorsthatmightbederivedfrom medicaldata.

Example. What happenswhen MC is extendedto handlethe
degeneratesituationwhere f (vi) � c = 0 at verticesvi? This case
wouldalmostneverhappen(thatis, wouldoccuronasetwith mea-
surezero)if thescalarfunctionweretruly real-valued.But in prac-
tice oneroutinelyencountersinteger-valuedisosurfacesof integer-
valueddatasets,soa level setmay, with non-zeroprobability, pass
throughmany grid points. Whenthe setof correspondingcolors
is augmentedto includethedegeneratecase(full, Revk, n-cube,3,
3) we seethat 147 casesarise. For the square(n = 2) with three
colors,only 13 casesarise;they areillustratedin the lower partof
thediagramat thetopof thispaper(bottomrow).

WhathappenswhenMarchingHypercubesis extendedto handle
thedegeneratesituationwheref (vi) � c= 0?Thetablepredictsthat
for (full, Revk, n-cube,4, f 2,3g) thenumberof casesexplodesfrom
222to 66,524.

Example.WeigleandBanksbrie�y discussedthedegeneratesit-
uationwheref (vi) � c= 0 for n-simplexesin ContourMeshing,but
did not enumerateall thecases.How many caseswould they have
found for the 4-simplex? The table predictsthat for (full, Revk,
n-simplex, 4, 3) thereare12cases.

Example. What happenswhen Interval Volumesis appliedto
cubesinsteadof tetrahedra?Thetablepredictsthat for (full, Revk,
n-cube,3, 3) thereare147cases.

Whathappenswhenaninterval is added,creatingthefour “col-
ors” (� ¥ ;a), (a;b), (b;c), and(c;¥ )? Letting k = 4, we �nd the
tablepredictsthat for (full, Revk, f n-simplex, n-cubeg, 3, 4) there
are19casesfor thetetrahedronand1036casesfor thecube.

Theseexamplesillustratehow table1 canbeusedto determine
the numberof casesrequiredto implementa variation on exist-
ing MC-style algorithms. The table also imposesa clear taxon-
omy on this collectionof algorithmswhereno suchorganization
hasheretoforebeensuggested.This indicatesthataverydeep,very
genericunderlyingalgorithmfor visualizationexists,which canbe
incarnatedin many different ways. The table also shows the in-
timateconnectionbetweengrouptheory, geometry, andvisualiza-
tion. The availability of GAP, a free software packagefor com-
putationalgrouptheory, shouldencouragetheresearchcommunity
to exploregroupactionsfor generatingsubstitopesin novel ways;
notonly canGAPcountthenumberof cases(orbits)automatically,
but it canalsoenumeratethemembersof eachorbit. This capabil-
ity eliminatesa very dif�cult partof any substitopealgorithm. We
look forwardto thenovel applicationsthat this generalframework
invites.

We areactively working on waysto expandthe table to larger
valuesof n andk, andto determinethe asymptoticcase-countsof
certaincoloring groupsas functionsof n andk. We arealsoac-
tively exploring ways in which coloredpolytopesmight arise in
othertypesof dataandin othervisualizationtechniques.
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