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Distinct casef coloringsfor a squareassigningonecolorto eachvertex.

Top row: sevencasesesultfrom usingfour colors( uid, bone tissuelesion)whenapplyingSeparatingurfacesto asquare.
Bottomrow: thirteencasegesultfrom usingthreecolors(+ — =) whenapplyingMarchingCubesto a square.

Abstract

We describehow to countthe casesthat arisein a family of vi-
sualizationtechniquesincluding MarchingCubes SweepingSim-
plices, Contour Meshing, Interval Volumes,and SeparatingSur
faces. Countingthe casesis the rst steptoward developing a
genericvisualizationalgorithmto producesubstitopeggeometric
substitutionsof polytopes). We demonstratehe methodusing a
software system(“GAP”) for computationalgroup theory The
case-countareorganizedinto a tablethat providesa taxonomyof
member®of thefamily; numbersn thetablearederivedfrom actual
lists of caseswhich arecomputedy our methods Thecalculation
con rms previously reportedcase-countfor large dimensionghat
aretoo large to checkby hand,and predictsthe numberof cases
thatwill arisein algorithmsthathave notyetbeeninvented.

CR Categories: G.2 [Discrete Mathematics]: Combinatorics—
Countingproblems;G.4 [MathematicalSoftware]: Algorithm De-
signandAnalysis;

Keywords: level set,isosurfice,orbit, group action, Marching
Cubesseparatingurfacesgeometricsubstitution substitope.

1 The MC family of algorithms

The Marching Cubes(MC) algorithmwas presentedy Lorensen
and Cline in 1987 [Lorensenand Cline 1987] as an exhaustve-
searchalgorithmthat generates level set(isosurfice)of a scalar
function f.  The algorithm iteratesover eachcubetesselating
a compactsubvolume of R3 on which the function f is de ned.

Thesignof f(v;) cis evaluatedattheeightverticesv; of acube,
wherec is someuserde ned constant(the isovalue). Neglecting
thedegenerateasewherethesignis exactly zero,eachof theeight
verticescan be in one of two states: negative or positive (black
or white). Theseproduce2® = 256 patterns. Marny of thesepat-
ternsturn out to be equivalentunderthe symmetriesof the cube
(suchasrotation or mirror-re ection). Other patternsare equiva-
lent underreversalof colors(for example,all-black beingequiva-
lent to all-white). Throughpatientbrute-forceorganizationof the
256 patterns,onediscoversthereto be fourteenor fteen equiva-
lenceclasseof the colorings. Amongthe fteen caseds a chiral
pairthataremirrorimagesf eachother sothesewo areequivalent
if orientationis ignored.

In the MC algorithm,the patternof a given cubeis matchedo
one of thesefourteenor fteen caseqvia a look-uptable),anda
pre-determine@rrangemendf polygonsis tted to meetthe con-
straintf(p) ¢ = 0 for points p within the cube. In otherwords,
the cubeis replacedby zeroor more trianglesapproximatingthe
level set. Examplesareillustratedin gure 1, shaving oneof the
geometricsubstitutiongn a 2-simple, a 3-simple, a 2-cube,and
a3-cube.

1.1 Variations on MC

Sinceits original publication,MC hasinspirednumerousmodi -
cationsand extensions. Thesevariationssuggesthat a family of
algorithmsexists, whosemembersare distinguishedy a few key
parametersA selectionof thesevariationsis surveyedbelow.

Variation of the shape If a 3-simple (tetrahedron)rather
thana 3-cube,tiles the domain,thenthe scalarfunction is evalu-
atedat only four vertices.Bloomenthalpresentedhis approachn
1988[Bloomenthal1988],andShenandJohnsorcalledit “Sweep-
ing Simplices”in their 1995paper[ShenandJohnsorl995]. One
adwantageof usingtetrahedraratherthan cubesis that the analy-
sisis simpler: only threecasesarisefor the vertex coloringsof a
tetrahedronratherthanfourteenfor a cube.

Variation of the dimension The two-dimensionalersionof
MC is popularlycalled“Marching Square$,which providesa sim-
ple motivation for the threedimensionalkcase. Although the algo-
rithm is unpublishedjt caneasilybe derived. Onecan nd mary
descriptionsof Marching Squareshy searchingthe World Wide



Weh It is describedfor example,in slidesfor a courseon Data
Visualizationby Rheingansat UMBC, on ComputerGraphicsby
Pfenningat Carngjie Mellon, on Computegraphikby Hanischat
Universitat TUbingen,on AdvancedGraphicsby Dodgsonat the
Universityof Cambridgepn Informatikin derMedizin by Gaugler
at Universitt Karlsruhe andmary others.

Whenthe MC algorithmis extendedto dimensionn = 4, two
problemsarise. First, the number of vertex patternsis large
(65,536),soenumeratinghemall by handis unrealistic.Secondit
becomesjuitedif cult to performthementalrotationsto determine
whentwo color patternsof a 4-cubeare equivalent. As Lorensen
andCline pointedout in the caseof the 3-cube, “triangulatingthe
256 caseds possiblebut error prone. ... we reducecdthe problem
to 14 patternsby inspection”(pagel65). Although this approach
to countingcasesvorks for MarchingSquaresit doesnot scaleto
higherdimensions.

Recently several researcherdiave tackled the case-counting
problemfor the four-dimensionakasein differentways. In 1996,
Weigle and Banks[Weigle and Banks1996] demonstratea tech-
nigue (ContourMeshing)thatdividesthe 4-cubeinto 4-simpleces.
They obsered that counting casesfor vertex coloringsis much
simplerfor the 4-simplex thanfor the 4-cube,and describedhow
to substitutezero or more 3-simplexesto approximatea level set
within a 4-simplec being traversed. In 1999, Robertsand Hill
[RobertsandHill 1999]counted272 casedor the 4-cubeby com-
putation, numerically tagging equivalent cases. In 2000, Bhani-
ramka,Wenger andCraw s [Bhaniramkaet al. 2000] followed a
similar approachannouncinghe existenceof 222 casedor the 4-
cube.

Variation of the shapessymmetry. Thesymmetrieofa gure
aredueto transformationshatpresere its shapeand,perhapsori-
entation.If oneconsidersorientation(clockwiseversusa counter
clockwise)to beirrelevant, onelosesdistinctionsbetweencertain
coloringsof squares.So the numberof casesdependsn parton
the choiceone makeswhen consideringsymmetriesof the shape.
Theoriginal MC dealswith two caseghatare“chiral,” thatis, not
equialentto their mirror imagesunderthe orientation-preserving
symmetriesof the cube. Accordingly the problemreduceso f-
teencasesinderorientation-preservingymmetriesandto fourteen
casesunderthelargergroupwhichincludesmirror re ection.

An analogousituationexistsin every dimension- the groupof
orientation-preservingymmetriess, in generalonly half aslarge
asthe group of all symmetries. So theremay be gures thatare
equialentunderthe larger groupbut not the smallerone. This is
the reasonthat Robertsand Hill found a larger numberof cases
than BhaniramkaWenger and Crav s (272 versus222 cases)-

Figure1: Examplesof geometricsubstitutionrulesin March-
ing Cubes generalizedo n-simplexesandn-cubes for n 2 [2::3].
The colorscorrespondo signof f(v;) ¢ ateachvertex suchas
black for negative and white for positive. Upperleft: 2-simple
replacedby line sggment. Upperright: 3-simplex replacedby tri-
angle. Lower left: 2-cubereplacedby line sggment. Lower right:
3-cubereplacedy triangle.

they wereadmittinga smallersymmetrygroup.

Variation of the number of colors. Theworksdescribedibore
all sharethe goal of producinga level setof a scalarvaluedfunc-
tion. But in 1997 Nielson and Sungshaowed that this stratgy of
countingcasesand using pre-computedjeometrycan be usedfor
other purposes. In their “Interval Volumes” [Nielson and Sung
1997],they generatedubvolumesof adomaincorrespondingo the
locusof pointsx satisfyingx: a< f(x) < b. In the arenaof com-
putationalgeometrythis subsolumeis representethy the Boolean
intersectiorLa\ L, whereL, andL,, arethe subvolumesin which
a< f(x) and f(x) < b, respectiely. Previously this constructve
solid geometry(CSG) problemhad beenapproachedn a totally
differentway by ThibaultandNaylorin 1987usinga binaryspace
partitioning (BSP) tree [Thibault and Naylor 1987]. Nielsonand
Sungs novel insight wasthat threediscretesituationsor “colors”
canprevail atavertex (i.e,, f < a;a< f < b; b< f), leadingto f-
teencasef vertex coloringsof atetrahedronFigure2 (top row)
shavs anexampleof thegeometricsubstitutionin Interval Volumes
for a 2-simplex anda 3-simplex. They could have furtherreduced
the casesasLorenserandCline did, by treatingasequialentary
two gures whosecoloringschemesrereversedj.e., changinghe
symmetryof thecolors.Hegeandcolleagueslsoconsideredising
multiple colors,which they describan two technicalreports[Hege
et al. Decemberl997] [Stalling et al. Decemberl998]; their im-
plementatioris the basisof the “amira” visualizationtool's GMC
module[AMI n. d.], which hasbeenusedto simulateratdissection
in avirtual environment[Montgomeryetal. 2001].

Weigle and Banks also consideredhe effect of changingthe
numberof colors. They discussedput did notenumeratethecases
wherethe functionis exactly zeroat a vertex of a simplex, repre-
sentinga third “color” In Marching Squaresthis third color leads
to thirteencasesTheseareillustratedat the top of this paper(bot-
tom row of gure). Until now therehasbeenno publishedcase
countfor MC with this third color included;we calculatethe solu-
tion andreportit in section5.

Variation of the colors' symmetry. In 1997, Nielson and
Franle presenteda techniquefor generatinga separatingsurface
[NielsonandFranle 1997]. A separatingsurfaceis the boundary
betweensulvolumes,eachof which hasa discretecolor or type.
For a 3-simple, it sufces to considerfour availablecolorsfor the
four vertices NielsonandFranle treatedasequialentary two ver
tex coloringswherethecolorsof one gure areapermutatiorof the
colorsof theother For example,atetrahedromwith two verticesof
color; andtwo of color, is equivalentto the caseof two verticesof
color, andtwo of color,. Their paperists four of the ve possible
casegqthe remainingcasebeingthe trivial casewhereall vertices
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Figure2: Examplesof geometricsubstitutionrules. For Interval

Volumes(upperrow), Colorsdenotentenalssuchaswhite for (-¥,

a), grayfor (a, b), andblackfor (b, ¥). Left: 2-simple replaced
by line sgment.Right: 3-simplec replacedy triangles.For Sepa-
rating Surfaces(lower row), colorsdenotesetmembershigsuchas
uid, bone,tissue,lesion. Left: three-colored?-simplex replaced
by line sggments.Right: two-colored3-simple replacedoy trian-

gles.



have the samecolor). Figure2 (bottomrow) shavs an exampleof
geometricsubstitutionin SeparatingSurfacesfor a 2-simplex and
a 3-simplex. Lorensenand Cline reducedthe numberof caseshy
consideringequivalencesnducedby thereversalof color. By com-
parison NielsonandFranlke consideredatolor symmetryto include
notjustreversalof anorderedsetof colors,but all possiblepermu-
tationsof colors. Theimportantrole of groupsactingon shapesand
colorsis notedin Hege's abstrac{Hege May 25-29,1998]from a
seminarat Dagstuhl.

1.2 Generic Marching Cubes

Thetechniquesuneyedin sectionl.1 sharea basicapproachbut
varyin detail. Thebasicapproachs asfollows.

1. A polytope(whethera cubeor a tetrahedroror a 4-cubeor a
4-simple) in somedomainis inspected.

2. Eachvertex v, is assigneda color f(v;), asdictatedby someuser
interactionsuchasmoving asliderbarto selectadifferentisovalue.

3. (Optional) The polytopecoloring is matchedto representatie
casevia alook-uptable.

4. Geometricsubstitutionis performedreplacingthe polytopewith
someothergeometrye.g., to represenanisosurfice.

Geometric Substitution. Geometricsubstitutionwas usedby
Lindenmayerin 1971 [Lindenmayer1971] and by Prusinkiavicz
in 1990 [Prusinkiavicz and Lindenmayer1990] to model natu-
ral shapes;Glassnerused geometricsubstitutionto createcom-
plex shapedGlassnerl992]. Geometricsubstitutionwas usedto
simplify polygonal meshesby Lounsbery DeRose,and Warren
[Lounsberyet al. 1997] and by Kobbelt, Campagnaand Seidel
[Kobbeltetal. 1998],whose gure 1 shovstheexplicit useof age-
ometricsubstitutiorrule. Sogeometricsubstitutionis by no means
exclusive to MC. Thereis no commonlyusednamefor polytopes
thatresultfrom geometricsubstitutionof otherpolytopes;we pro-
posecalling themsubstitopes

Weigle andBanksdemonstratesvith ContourMeshingthatthe
recursve natureof substitopepermitsanMC-styletechniqueo be
appliedrepeatediyto a dataset:they reducedthe dimensionfrom
four to threeto two, generatingurfacesin R%.

Acceleration Schemes Some,but not all, of the variationson
MC pre-computea look-up table,which senesasan acceleration
techniqguevhenthegeometricsubstitutioris applied;thegeometric
substitutioncanalsobe performedprocedurally

Anotherway to acceleratehe algorithmis to skip over thetriv-
ial substitutiongatherthanto employ anexhaustve traversalof the
domain. Traversingthe domainis the mostinef cient portion of
thesealgorithms,becausen practicemostpolytopesarereplaced

comment g GIG) g
identity 0 (V11 Vo1 Va1 Vy) 0
swap (xy) (V13 V33 Vi Vy) (23)
ip (x -x) (Voivy;Vg5vg) - (12)(34)
ip -y (VgivgiveiVo)  (13)(24)
swap ip (x -x)(xy) (VgiVq;Vgsvp)  (1243)
swap ip (y -y)(xy) (VoiVgVpsvg)  (1342)
swap ip ip (Y -Y)(X -X)(XY) (Vg VpiVaiVy) (14
ip (y -y(x %) (VgivaiVoivy)  (14)(23)

Figure3: Permutationsactingon axes and vertices. Column§
givespermutationof x andy axes. Columng(s) shavs the effect
of apermutatioronverticesof thesquares=(v,; v,; V5;v,). Column
g givescorrespondingermutationf vertices. Permutationsare
written ascycles,actingby compositionfrom right to left.

by the emptyset. The performanceof MC improvesconsiderably
whenaspatialdatastructures availablethatdeliversthesubdomain
containingonly polytopesfor which the geometricsubstitutionis
non-trivial. Shen,Hansen,Livnat, and Johnsonshaved in 1997
how a hierarchicaldatastructurevastly improvesthe speedof the
algorithmby spendingmostof the computationon the non-trivial
replacementgShenetal. 1997]. Theirwork built on previouswork
by Wilhems and Van Gelderthat imposedoctreeson the spatial
domain[WilhelmsandGelder1992],andwork by GallaghefGal-
lagher1991] that invertedthe spatialdatabasdo supportqueries
basednthevalueof thescalar eld, whichwereincorporatednto
SweepingSimplices.

Parametersneededfor counting cases Asthevariationdisted
in sectionl.1suggestthereare ve key parametershatdetermine
the numberof caseghatarisefor coloredpolytopes. The number
of casesds independenbf the actualgeometricsubstitutionthatis
emplo/ed. The veparameterare

1. thesymmetryappliedto the polytope;

2. thesymmetryappliedto thecolors;

3. thechoiceof polytopefrom the setf n-simplex, n-cubey;
4. thedimensiom of the polytope;and

5. thenumberk of colors.

Theremaindenf this paperexplainshow to countcasedy using
grouptheory: orbits of groupsactingon setsareenumeratedising
acomputationaélgebrgpackage Section2 describesheaspect®f
grouptheorythatarerequiredfor solving the case-countingrob-
lem. Section3 describediow atool for computationagrouptheory
canbeprogrammedo countcasesandshavs theresultsof the cal-
culationsorganizedinto a table. Section5 indicateswherevarious
Marching-Cubes-stylalgorithmst into this new taxonomy

2 Action of a Group on a Set

For yearsmathematiciansave studiedproblemssimilar to count-
ing case®f polytopecolorings.In orderfor usto applytheirresults
we rst corverttheproblemof countingcasesn variousvisualiza-
tion algorithmsinto the appropriatemathematicalanguage.This
taskrequiresthe useof grouptheory describecrie y below.
Thetheoryof groupsowesits nameto a paperpublishedn 1854
by Arthur Cayley [Cayley 1854], “On the theory of groups. A
groupis a setwith abinaryoperationsatisfyingfour criteria:

1. thesetis closedunderthe operation;

2. the operationobeys the associatie law;

3. thesethasanidentity elementdenotediy the symbol1); and
4. eachelementhasaninverse.

Figure4: Permutationdrom gure 3 actingon the x andy axes
andon the squares. Top row: rst four permutationsppliedto s.
Bottomrow: next four permutationsppliedto S. Note thathalf of
thepermutationgpresere orientation,oneonthetop row andthree
onthebottom.



Often the appearancef the binary operationis suppressedso
a biswrittenasab, anda ais written asa2. More detailsabout
groupscanbe found in textbookson modernalgebra,suchasthe
popularone by Fraleigh[Fraleigh 1998]. Familiar examplesof
groupsinclude integerswith the addition operation,and rational
numbergwithout zero)undermultiplication.

In creatingthe table for MC, Lorensenand Cline produceda
setof 256 cubecolorings. Thenthey consideredhe action of a
symmetrygroupon the 256 cubecolorings.Thegroupoperationis
composition:a permutatiorn(of verticesandcolors)composedvith
anothempermutations again a permutationsatisfyingrequirement
(1) of a group, namely closure. One canreadily determinethat
permutationslsomeetthe otherthreecriteriafor beinga group.

A groupactson a setX by mappingit to itself in a particular
kind of way. Therequirement®f agroupactionaregivenbelow.

De nition . A group G is saidto act on a set X if (1) the iden-
tity x esevery elementof X i.e, 1x = x, and(2) the associatie
law holds;i.e, (9,0,)X= 9,(9;X), wherel;g,.g, 2 G, andx 2 X.
(Note: someauthorsapply actionsfrom the right ratherthanthe
left, thuswriting xg,9,.)

Example. The symmetriogroup S, of all permutationsof coordi-
natesx andy actson R2.

S=fx! xy! y); x!' vyl X9

The rst (identity) elementeavesthex andy coordinatesx ed;the
seconcklementsendsc to y andy to x, producingare ection about
adiagonalline. Both actionspresere the shapeof anaxis-aligned
squarecenteredattheorigin.

The usualconventionwhenwriting a permutationis to list the cy-
clesit induceson element®f the set. For example thepermutation
(x! vy, y! x) sendsx to y which goesto x; the permutationis
denotedby the cycle (x y). The identity mappingis, by corven-
tion, denoted() ratherthan(x)(y), andtrivial cycleslike (x) and
(y) aresuppressewhenthe permutationis written out. Thusthe
symmetricgroup on two lettersis the setwith two permutations:
theidentity, written (), andthe swap, written (x y).

The shapeof the squareis alsopresered by the actionof mir-
ror re ections (ips) exchangingx with -x or y with -y. Theseip
groupscontainthe permutationd () ; (x -x)g andf () ; (y -y)g; each
ip groupis equivalent(isomorphic)to the groupS,. Their direct
productcontainsall four combinationof ip operations.

S S=10; (y-y);, (x-x(y-yg

Thesdour operationorrespondo theidentity, a ip of thex-axis,
a ip of they-axis,and ips of bothaxes.

(X -%);

2.1 Group Acting on the Set of Vertices

Thefull setof symmetrie®nann-cubeis thewreathproduct(writ-
teng of a ip with the permutationsWe let shapeGouprepresent
the symmetrygroupactingon a polytope,soshapeGoup= S, 0§
for the cube. The wreathproductis too complicatedto describe
here; for its de nition seethe algebratextbook by Cohn [Cohn
1984].

Oneparticulargeometridncarnationof a squards §, which has
verticeslabeledasv, = (-1,-1),v, = (1,-1),v5 = (-1, 1), andv, =
(1, 1), correspondindo the lower left, lower right, upperleft, and
upperright verticesof a squarecenteredht the origin. Squaresfor
thepurposeof countingcasestesultfrom ary actionof shapeGoup
onthisreferencesquares. This obsenationis formalizedbelaw.

De nition . A standardsquares the tuple &(v;;v,;vs;v,) andits

imageunderary action of shapeGoup. Thatis, s is a standard
squaraf andonly if s=gSfor someg 2 shapeGoup.

Example. Theelement(x -x) of shapeGoup actson the square,
ipping it in thex direction.So(x -X)(8) = (Vy;Vy;V4iVy).

Although we de ned shapeGoup in termsof its actionson the

plane(in particular its actionson the positive and negative axes),

we would preferto think of it in termsof its actionson vertices.In

the exampleabove, the ip (x -X) putsvertex v, into the second
slotandputsv, into the rst slot, sincenegating the x coordinates
swapsthe bottomtwo vertices.By looking atthetuple on theright

handside, one can deducewhat permutationactedon & an out-

of-position vertex musthave beenpermuted. So if v; is put into

position j, thenthepermutatiommapsi ! j.

Example. Underthe actionof (x -x) on the plane,vertex v, in
the squares movesto position2 andvertex v, movesto position1.
Likewise, verticesv; andv, swappositionsin thetuple. Thegroup
element(x -x) canbere-labeledaccordinglyin termsof its effect
ontheverticesof §, namely(1 2)(3 4).

This re-labelingis importantin section3, which describesow the
computationahblgebrapackage'GAP” cancreateshapeGoup au-
tomatically

All eight actionsof shapeGoup arelisted in gure 3. In the
left-mostcolumnof thetablein gure 3, elementy 2 shapeGoup
is written in termsof the coordinatesc andy. The middle column
shaws its actionon the squares = (v;;V,;Vs;V,). Theright hand
columnre-nameshegroupelementasg, whichactsonthevertices
of thesquare.

2.2 Group Acting on the Set of Colors

In countingcasedor MC, we seethatonegroupactsonthevertices
of asquareby moving themaround;anotheigroupactson thesetof
colorsby permutingthem. We call the secondgroup colorGroup.
A vertex v; in a squarecan be labeledwith two symbols+ and-
or, equivalently, canbe marked with two colorscolor, andcolor,
to indicatethesignof f(v) ¢, wherec is theisovalue. The color
of vertex v, is determinedby a coloring function ¢ which maps
verticesto colors.If $ is apermutatioronthecolors,thencolor; is
mappedo thecolor $ (color;). Thenotationis simpli ed if we use
thepermutatiors thatmapsonecolorindex to anothercolorindex.
Thus

$(color;) = colors(i)
Example. The permutations = (1 2) actsasfollows on the color
indexes1 and2.

12(=2 i,e,sof 1is 2

12)(2=1

Sothereis onegroup(i.e., shapeGoup) thatactsonthevertices
of a square,and another(i.e., colorGroup = S,) that actson the
colors. Togetherthey act on the combinatorialsetof all 24 = 16
coloringsof the square The next sectiondescribeghis action.

ie,sof 2is 1

2.3 Group Acting on the Set of Colorings

Having de ned actionsonverticesandoncolors,wecannow de ne
agroupactionon coloredvertices.It is corvenientto write ¢ (v;) as
c;, suppressinghev, sothatacoloringof thesquarecanbewritten
in thecompactorm givenbelow.

De nition . A coloring of the squareis the 4-tuple of colors
(¢4 €5; €5: ¢,) andits permutationdy shapeGoup  colorGroup

Examples. Supposecolor, is purple and color, is orange. The
coloring(1, 1, 1, 1) hasall purplevertices.Thecoloring(1, 1, 2, 2)
haspurplefor the bottomtwo verticesandorangefor the top two.



Figure5: Orbitsof shapeGoup colorGroupactingon colorings
of thesquareln eachrow, ary coloringcanbemappedo ary other
via theactionof someelement(g; s) of coloringGroup.

Thecoloring (1, 2, 1, 2) haspurpleon theleft sideandorangeon
theright.

ThedirectproductshapeGoup colorGroupactsonacoloring
in theolbviousway: anelemenbf shapeGoupshufes theorder of
the four colors,andan elementof colorGroup permuteghe value
of thecolors.We call this productcoloringGroup. An element of
coloringGrouphastheform (g; s ), whereg actson verticesands
actsoncolors.

Example. Theactionof ((2 3), §) onacoloringis
((23);8) (cp;cp63:¢4) = (S(cq);8(c3);5(c,);8(cy))

Thetwo middletermsgetswitched the resultof permutation(2 3)
actingonthetuple,andthe colorsgetpermuted.

Representingolor; by its subscripti allows the actionon the col-
oring (1, 1, 2, 1) to bewritten asfollows, usings ratherthans.

((23);8) (1L1,21) = (s(1);5(2):s(D;s(2)

Again the middle two elementggetswappedby (2 3) ands is ap-
pliedto thecolorindexes.We next shawv anexamplewith aspeci ¢
permutatiorfrom shapeGoupandaspeci ¢ permutatiorfrom col-
orGroupactingonaspeci c coloring.

Example. The groupelement((2 3), (1 2)) actson the coloring
(1,1,2,1) asfollows.

(12)(D); (12)(2); (12)(D); (12)(D) = (21,22)

Sothemiddle elementf the tuple getswappedandall the colors
getreversed.

Two coloringsx, andx, aresaidto be equivalentif a groupac-
tion mapsoneinto theother(by permutingthe verticesandcolors).
For example,all eightof the squaresreequivalentwhosevertices
arethreeblackandonewhite or oneblackandthreewhite. Eachof
thesesquaresanbe mappedo ary othervia theactionof someel-
emenif coloringGroup. Eachequivalenceclassof coloringsforms
anorbit, whichis de ned below.

De nition . Theorbit of the groupG actingon the coloring x; is
thesetof coloringsf x, : gx; = x,; for someg2 Gg.

As gure 5 shaws, coloringGroup, actingon the 16 colorings
of a square hasfour orbits: an orbit with 2 elementg(all colors
the same),an orbit with 8 elements(a singletoncolor), an orbit
with 4 elementqadjacentpairsof a color), andanotherorbit with
2 elementgdiagonalpairsof a color). Figure6 shavs thesesame
four orbits, written in the notationof a four-tuple of vertex colors
asin gure 4; the goal of section3 is to producethis numerical
depictionof theorbitsastuples.

1,1,1,1) (2,222
11,12 @121 @111 @@€211)
(2.2,21) (2212 (1,222 (21,22)
1,1,22) 2211 1212 (2121
1,221 (21,12

Figure6: Orbits of shapeGoup colorGroupactingon color
ings of the square.Theseencodingof coloringscorrespondo the
imagesin gure 5, wherewhite=1andblack=2.

For two-dimensionaMarchingSquaresgountingorbitsof prod-
ucts of groupsactingon coloringsof verticesis no improvement
overdraving ameresixteen gures by handandinspectinghemfor
equivalence However, by castingtheproblemin termsof combina-
torial algebrawe canexploit powerful computationatoolsto count
the orbits for usin situationswherethe large dimensionor large
combinationof coloringsmakeshand-enumeratioaverwhelming.

In this sectionwe usedthesquareasanexampleof theproces®of
countingorbitsof groupactionson colorings,but our goalis to con-
siderothershapesaswell (suchastrianglesandtetrahedra)pther
setsof colors, and otherkinds of groupsactingon eachof them.
Beforegeneralizingthe algebraicdetails,we rst describea com-
putationalalgebragpackageanddemonstratés ability to enumerate
thenumberof casedor asquare.

3 Computational Group Theory

Marny practicalquestionsn grouptheorycanbeansweredy sheer
calculation.Computationagrouptheoryis concernedvith the nu-
merical solution of problemsin group theory a notableexample
beingthe solutionsto Rubik's cube. An article by Seresgjivesan
overview of computationaggrouptheory[Seressl854].

Two numerical packagesfor computationalgroup theory are
widely used:GAP (Groups Algorithms,andProgramming)which
is free software, and Magma, costingabout$US 1000 for a sin-
gle licenseat the time of this writing. For more details about
thesepackagessee“GAP — Groups, Algorithms and Program-
ming” [Schonert1994]and“An Introductionto MAGMA” [Cannon
andPlayoust1993].

Practitionersof visualization,and othercasualusersof compu-
tationalgrouptheory arelikely to chooseGAP becauset is free
software. Sowe describehow to use GAP to solve the particular
problemof countingcasedor atwo-coloredsquare. (Usersshould
be awarethat GAP usesthe corventionof applyinggroupactions
from theright, asnotedin thede nition of actionin section2.)

Below is atranscriptof aninteractize sessionusingGAP, slightly
editedfor formatting purposes.The userinput is shavn in sans-
serif font, and GAP's reply is shavn in the x ed-width type-
writer  font. We beggin by creatingshapeGoup, colorGroup,
and coloringGroup for dimensionn with k colors (note: the dou-
ble semicolonsuppres$eedbackrom GAP).

n:=2;

k:=2;;

shapeGroup := WreathProductProductAction (SymmetricGroup(2),
SymmetricGroup(n));;

colorGroup := Group (PermList (Reversed ([1..K])));;

coloringGroup := DirectProduct (shapeGroup, colorGroup);;

Next we constructprojectionoperatorsto extract the two groups



backfrom their directproduct.

shapeProjection := Projection (coloringGroup, 1);;
colorProjection := Projection (coloringGroup, 2);;

Next we generatehelist of colorsandcolorings,allowing GAP to
answerbackwith its results.

numVerts := 2°n;;

coloredVerts := ListWithldenticalEntries (numVerts, [1..K]);
[ [1.2], [1..2], [1..2], [1..2] ]

colorings := Cartesian (coloredVerts);

[1,1,1,1], [1,1,1,2], [1,1,2,1], [1,1,2,2],
[1,2,1,1], [1,2,1,2], [1,2,2,1], [1,2,2,2],
[2,1,1,1], [2,1,1,2], [2,1,2,1], [2,1,2,2],
[2,2,1,1], [2,2,1,2] [2,2,2,1], [2,2,2,2] ]

Thenwe de ne afunctionto producetheactionof agroupelement
on acoloring. The projectionsof element(g; s) of coloringGroup
yield thecomponentg ands thatshufe theorderof thetupleand
permutethecolors.

action := function (coloring, groupElement)
local shapePerm, colorPerm, shuf ed, result;
shapePerm :=Image (shapeProjection, groupElement);

colorPerm  :=Image (colorProjection, groupElement);
shuf ed := Permuted (coloring, shapePerm);
result := OnTuples (shuf ed, colorPerm);
return result;

end;;

We now let GAP producethe orbitsandcounthowv mary thereare.
Notice thattheseorbits agreeexactly with the tupleswe computed
in gure 6.

orbits := OrbitsDomain (coloringGroup, colorings, action);
[11,1,1,1], [2.2,2,2]],

[[1,1.1,2], [1,1,2,1], [1,2,1,1], [2,2,2,1],
[2,1,1,1], [2,2,1,2], [2,1,2,2], [1,2,2,2]],
[[1,1.2,2], [2.2,1,1], [1,2,1,2], [2,1,2,1]],
[[1,2,2,1], [2,1,1,2]]]
Length (orbits);

4

This demonstratiorshovs how GAP canenumeratéhe orbitsof a
groupactionin MarchingSquaresandthusto determinghe num-
berof casedor polytopecoloringsthatarisein thetwo-dimensional
versionof MarchingCubes Thevariablenamessuggeshow to ex-
tendthis exampleto handleothercasesfor example,onecansim-
ply changethe valueof n from 2 to 3 to enumeratehe orbits and
countthemfor MC. Onecanalsochangethe de nition of shape-
Group or colorGroup at the beginning of the codeto generatehe
orbitsfor still othercolorings. The next sectiondescribeiow this
approacltanbeextendedo handleadditionalgeometrieandsym-
metries,constructinga completetaxonomyof case-countfor sub-
stitopes.

4 Taxonomy of Substitopes

In orderto extendthe case-countingapabilitiesof our demonstra-
tion GAP program,we must expressthe shapegroupsand color
groupsfor varioussubstitopes.The coloringsof interestto us are
theonesthatarisein algorithmslike MC. Theshapegroupsinvolve
simplexesandcubeswith orientation-preservinfirect)symmetry
andwith full symmetryactingon them. The color groupsinclude
reversalandfull permutation.

Shapegroups A polytopein n-dimensionakpaceis actedon
by symmetrie®f thatspace TheorthogonagroupO(n), consisting

of n northogonalmatrices formsa continuousgroupunderma-
trix multiplication. This group contains nite subgroupghat pro-
ducethe symmetrief the n-simplex andof the n-cube. Thesym-
metriesof thesimplex form asubgroupf O(n) isomorphido S, 4,

thesymmetricgrouppermutingthen+ 1 verticesof the n-simplex.

Thesymmetrieof the cubeform asubgroupf O(n) isomorphicto

S, 05,, alsoknown asthehyperoctahedrajroup. Thesetwo groups
arethefull symmetngroupsof the simplex andthe cube.

The setof orientation-preservingymmetriesof R" forms the
specialorthogonalgroup SO(n), a subgroupof O(n). Its intersec-
tionwith afull symmetrygroup,calledadirectsymmetryyieldsthe
orientation-preservingymmetrieson the simplex or thecube.The
direct symmetrygroupfor the n-simplex is the alternating group
An. Thedirect symmetrygroupfor the n-cubeis the direct-cube
group.

Color groups In the examplescitedin Sectionl.1above, vari-
ationson MarchingCubeshave employedthreedifferentgroupsto
permutecolor indexes. Thesearelisted below.

(1) Thesimplestcolor groupis the identity group,which leaves
eachindex x ed. NielsonandSungconsideredhe orderingof the
colorsto be signi cant, meaningthe identity groupld, actedon k
colors.

(2) The reversal group Rev, on the numbersf 1. kg swapsthe

rst with thelastelementthe secondwith the next-to-lastelement,
andso forth. Lorensenand Cline usedthe reversalgroupto re-
ordertwo colors. The groupRey, containsonly two permutations:
theidentity permutation() andthe permutatiorr de ned below.

(

(1 K(2 kDK ¥2)  ifkiseven

(1 K)(2 k1)K K3) if kis odd

(3) Nielson and Franle consideredwo color orderingsto be
equivalentno matterhow they werepermutedtherebyallowing the
symmetricgroupS, to actonthek colors.

So we seein the literaturevariationson MC in which shape-
Groupis oneof thetwo typesof symmetryf direct, fullg actingon
apolytopep 2 f simple, cubey, andcolorGroupis oneof thethree
groupsf Id,, Rev,, § 9. We programmed5APto Il in atable(ta-
ble 1) of combination®f theseparametersyith boththedimension
nandthenumberk of colorsin therange[1..4]. Eachentryin theta-
ble givesthenumberof casegorbits)for thecorrespondingolored
polytopes.A tableentry notedin boldfaceindicatesa combination
of parametershatwasatwork in ary of six algorithmssuneyedin
sectionl.1. The GAP sourcecodeorbitTable.gap thatgen-
eratedthe tableis freely available for download at the GAP Web
site.

Thetableis easilycomputednadesktopmachinefor n andk in
therange[1..3]. For this range,we measuredhe table generation
time at aboutten secondn a desktopmachinewith 1 GB mem-
ory anda 1.7 GHz Intel XeonprocessarBut thememorydemands
increasesigni cantly for the4-cubewith morethantwo colors;cal-
culatingtheorbitsexceededhecapacityof ourdesktopmachineIn
orderto enumeratéhesix coloringgroupsactingonthe4-cubewith
3colors,weusedtheparallelGAP packagdParGAPby GeneCoop-
erman[Coopermaril999]andranit on a Beowulf cluster[Sterling
etal. 1995]composedaf 85 nodes eachnodehaving dual2.4GHz
processors;onnectedy 100 Mb/s Ethernet.Usingtwo processes
pernode(with 0.5 GB of workspaceperprocesspn twelve nodes,
calculatingeachof the six table entriesfor the 4-cubewith three
colorstook about300-500secondsf wall-clock time, and about
1000-3000secondf CPUtime. In otherwords, calculatingthe
six cases1= 4, k= 3for thecubetook morethanathousandimes
longerthancalculatingthe 54 casesvheren 4 andk 3.

Calculatingthecase-countfor four colors(k= 4) exceededven
thememorycapacityof our parallelversion althoughit appearshat
theParGAPversionof ourcodecouldbefurthermodi ed to exploit



n-simple n-cube
a1 2 3 4 ! 2 3 4
11 4 916 (directld,) i1 4 9 16
2|1 4 11 24 2| 1 6 24 70
31 5 15 36 3f1 23 333 2916
41 6 21 56 4| 1 496 230076 >22000000
12 5 8 (direct,Rey) 1 2 5 8
1 2 6 12 1 4 14 38
13 920 1 '15 183 1508
13 1228 1 2272 115606 > 11000000
1 2 2 2 (direct,S) 1 2 2 2
1 2 3 3 1 4 6 7
1 3 4 5 1 15 72 166
13 5 6 1 272 38914 >930000
13 610 (full, 1d,) 1 3 6 10
1 4 10 20 1 6 21 55
1 5 315 35 1 22 267 1996
1 6 21 56 1 402 132102 >11000000
1 2 4 6 (full, Rey) 1 2 4 6
1 2 6 10 1 4 713 31
143 79 19 1 14 7147 71036
1 53 5712 28 1 2222 766524 >5600000
12 2 2 (full, 5 1 2 2 2
1 2 3 3 1 4 6 7
1 3 4 65 1 14 58 7124
13 5 6 1 222 22490 >460000

Tablel: Tableof casecountsfor substitopesEachof the twelve
sub-tablegontainsthe case-countfor the tuple (shapeGoup, col-

orGroup, polytope n, k), with n andk in the range[l1..4]. Each
row of sub-tablesharegshapeGoup,colorGroup), asindicatedin

themiddle. Theleft columncontainssub-tablegor simplexes;the
right columnfor cubes.Case-countspeci cally mentionedn this
paperare highlightedin boldface. Marching Cubes. 2Marching
Hypercubes.3Interval Volume. 4SweepingSimplices. ®Contour
Meshing.8SeparatingSurfaces.”CountingCaseg(this paper).

ner-grain parallelismandthussatisfythe memoryconstraint.We
thereforemerely estimatea lower boundfor eachof theseentries,
basedon the factthatno orbit canbe biggerthanthe orderof the

group.

5 Summary

Marching Cubes(MC), and algorithmslike it, sharethe essential
featureof applyinggeometricsubstitutionto polytopecoloringsto

producesubstitopesThesealgorithmsvary in the choiceof groups
acting on verticesand on colors, in the choice of polytope, and
in the choice of dimensionn and numberof colorsk. We pre-

senteda techniquefor enumeratinghe casesthat arisein count-
ing the casesof polytope colorings, and shaved how this tech-
niquecanbeappliedusingsoftwarefor computationagrouptheory
software (called GAP). Onebene t of atool for computationahl-

gebrais that it independentlycon rms the resultsannouncedy

BhaniramkaWengerandCrawv s [Bhaniramkaetal. 2000]andby

RobertsandHill [RobertsandHill 1999]for countingthe casesn

four-dimensionaMC, resultsthatcannotreasonablyechecledby

hand. Moreover it permitsus to predictthe size of tablesfor MC

variantsthathave yetto beimplemented.The following examples
illustratethe predictive utility of thetable.

Example. Whathappensvhenthealgorithmfor Separatingsur
faceds extendedto 3-cubeswith four colors?Consultingthetable

(full, S, n-cube,3, 4) we seethat 124 casesarise. For the square
(n= 2) with four colors,only sevencasesrise;they areillustrated
in the diagramat the top of the paper(top row), with a possible
interpretatiorof colorsthatmight bederivedfrom medicaldata.

Example. What happensvhen MC is extendedto handlethe
degeneratesituationwhere f(v;) c¢= 0 atverticesy;? This case
would almostnever happer(thatis, would occuron a setwith mea-
surezero)if thescalarfunctionweretruly real-valued.Butin prac-
tice oneroutinely encounteréntegervaluedisosurficesof integer
valueddatasetsso a level setmay, with non-zeroprobability, pass
throughmary grid points. Whenthe setof corresponding-olors
is augmentedo includethe degeneratecase(full, Rev,, n-cube,3,
3) we seethat 147 casesarise. For the square(n = 2) with three
colors,only 13 casesarise;they areillustratedin the lower part of
thediagramatthetop of this paper(bottomrow).

WhathappensvhenMarchingHypercubess extendedo handle
thedegeneratsituationwheref(v;) c¢= 0? Thetablepredictsthat
for (full, Rev,, n-cube 4, f 2,3g) thenumberof casesxplodesfrom
22210 66,524.

Example.WeigleandBanksbrie y discussedhedegeneratesit-
uationwheref(v;) c¢= 0for n-simplexesin ContourMeshing,but
did notenumeratell the casesHow mary casesvould they have
found for the 4-simplex? The table predictsthat for (full, Rey,,
n-simple, 4, 3) thereare12 cases.

Example. What happenswvhen Intenal Volumesis appliedto
cubesinsteadof tetrahedra? he tablepredictsthatfor (full, Rev,
n-cube,3, 3) thereare147 cases.

Whathappensvhenanintenal is added creatingthe four “col-
ors” ( ¥;a), (a;b), (b;c), and(c;¥)? Lettingk= 4, we nd the
tablepredictsthatfor (full, Rev,, f n-simplex, n-cubey, 3, 4) there
are19 casedor thetetrahedrorand1036casedor the cube.

Theseexamplesillustratehow table 1 canbe usedto determine
the numberof casesrequiredto implementa variation on exist-
ing MC-style algorithms. The table alsoimposesa clear taxon-
omy on this collection of algorithmswhereno suchorganization
hasheretoforebeensuggestedThisindicateshatavery deepyvery
genericunderlyingalgorithmfor visualizationexists,which canbe
incarnatedn mary differentways. The table also shawvs the in-
timate connectiorbetweengrouptheory geometry andvisualiza-
tion. The availability of GAP, a free software packagefor com-
putationalgrouptheory shouldencouragéheresearclcommunity
to explore groupactionsfor generatingsubstitopesn novel ways;
notonly canGAP countthenumberof casegorbits)automatically
but it canalsoenumerateéhe membersf eachorbit. This capabil-
ity eliminatesa very dif cult partof arny substitopealgorithm. We
look forwardto the novel applicationghatthis generafframevork
invites.

We are actively working on waysto expandthe tableto larger
valuesof n andk, andto determinethe asymptoticcase-countsf
certaincoloring groupsas functionsof n andk. We are alsoac-
tively exploring ways in which colored polytopesmight arisein
othertypesof dataandin othervisualizationtechniques.

ACKNOWLEDGEMENTS

We gratefullyacknavledgesupporty NSFgrantsCISE-#0083898
and FRG-#0101429and by the ScottishHigher EducationFund-
ing Council (SHEFC)andthe Particle Physicsand AstronomyRe-
searchCouncil (PRARC) for useof the Beowulf clusterto run Par
GAPonthelargerproblemsizes.WethankEric Klasserfor fruitful
discussionsaboutgroup actionsand orbits, and the reviewers for
their carefulreadingandhelpful comments.



References

TEMPLATE GRAPHICS SOFTWARE. Module: GMC. (Usermanualentry
for amiravisualizationsoftware).

BHANIRAMKA, P., WENGER, R., AND CRAWFIS, R. 2000. Isosurfcing
in higherdimensionsln Proceeding®f IEEE Visualization200Q |IEEE,
267-273.

BLOOMENTHAL, J. 1988.Polygonizatiorof implicit surfacesln Computer
AidedGeometridDesign vol. 5, 341-355.

CANNON, J., AND PLAYousST, C. 1993. An Introductionto MAGMA.
Schoolof MathematicsaandStatistics Sydng University,

CAYLEY, A. 1854.0Onthetheoryof groups,asdependingn the symbolic
equationg" = 1. PhilosophicalMagazine7, 40-47.

COHN, P. M. 1984. Algebra, volumel (secondedition). Wiley.

COOPERMAN, G. 1999. Parallel GAP/MPI (ParGAP/MPI), Version 1.
College of ComputerScienceNortheastertJniversity.

FRALEIGH, J. G. 1998. A First Coursein Abstract Algebra (6th edition).
Addison-Weéslegy Publishing.

GALLAGHER, R. S. 1991.Spanlter: An optimizationscheméor volume
visualizationof large nite elementmodels. In Proceedingsof IEEE
Visualization1991, IEEE, 68—75.

THE GAP Group. 2002. GAP - Groups,Algorithms,and Programming
\ersion4.3. (http://www.gap-system.org)

GLASSNER, A. 1992. A tutorial on geometricreplacementslEEE Com-
puterGraphics& Application12, 1 (January)22—36.

HEGE, H.-C., SEEBASS, M., STALLING, D., AND ZOCKLER, M. De-
cemberl997. A GenealizedMarching CubesAlgorithmBasedon Non-
Binary Classi cations Konrad-Zuse-Zentrurfiir Informationstechnik
Berlin. TechnicalReportSC97-05.

HEGE, H.-C. May 25-29,1998. Enumeratiorof symmetryclassesn mesh
generation.In Reporton Dagstuhl Seminar9821: Hierarchical Meth-
odsin ComputerGraphics M. Gross,H. Mller, P. Schibder andH.-P.
Seidel,Eds.,9-10.

KOBBELT, L., CAMPAGNA, S., AND SEIDEL, H.-P. 1998. A general
framework for meshdecimation.In Graphicsinterfacg 43-50.

LINDENMAYER, A. 1971. Developmentakystemswithout cellularinter
action, their languagesaind grammars. Journal of Theoetical Biology,
455-484.

LORENSEN, W. E., AND CLINE, H. E. 1987.Marchingcubes:A highres-
olution3dsurfaceconstructioralgorithm.In Proceeding®f SIGGRAPH
1987, ACM Press163-169.

LOUNSBERY, M., DEROSE, T. D., AND WARREN, J. 1997. Multireso-
lution analysisfor surfacesof arbitrarytopologicaltype. ACM Transac-
tionson Graphics16, 1, 34—73.

MONTGOMERY, K., BRUYNS, C., AND WILDERMUTH, S. 2001.A virtual
ervironmentfor simulatedrat dissection:a casestudy of visualization
for astronautraining. In Proceeding®f IEEE Misualization2001, IEEE,
509-512.

NIELSON, G. M., AND FRANKE, R. 1997. Computingthe separating
surfacefor sggmenteddata. In Proceeding®f IEEE Misualization1997,
IEEE, 229-233.

NIELSON, G. M., AND SUNG, J. 1997. Intenval volumetetrahedrization.
In Proceeding®f IEEE Msualization1997, IEEE, 221-228.

PRUSINKIEWICZ, P, AND LINDENMAYER, A. 1990. The algorithmic
beautyof plants SpringerVerlag,New York.

ROBERTS, J. C., AND HiLL, S. 1999.Piecaviselinearhypersurcesusing
themarchingcubesalgorithm. In isual Data Exploration and Analysis
VI, Proceeding®f SPIE IS&T andSPIE,R. ErbacheandA. Pang,Eds.,
170-181.

SCHONERT, M. 1994. GAP - Groups, Algorithms and Programming
LehrstuhID fir Mathematik RTWH, Aachen.

SERESS, A. 1854. An introductionto computationagrouptheory Notices
of the AMS44, 6 (June/July)571-679.

SHEN, H.-W., AND JOHNSON, C. R. 1995. Sweepingsimplices: A fast
iso-surhiceextractionalgorithmfor unstructuredyrids. In Proceedings
of IEEE Visualization1995 IEEE, 143-151.

SHEN, H.-W., HANSEN, C. D., LIVNAT, Y., AND JOHNSON, C. R. 1997.
Isosurfcingin spanspacewith utmostef ciency (issue).In Proceedings
of IEEE Visualization1996 IEEE, 287—-294.

STALLING, D., ZOCKLER, M., SANDER, O., AND HEGE, H.-C. Decem-
ber1998. WeightedLabelsfor 3D Image S@mentation Konrad-Zuse-
Zentrumfur InformationstechnilBerlin. TechnicalReportSC98-39.

STERLING, T., SAVARESE, D., BECKER, D. J.,, DORBAND, J. E,,
RANAWAKE, U. A., AND PACKER, C. V. 1995. BEOWULF: A par
allel workstationfor scienti c computation.In Proceedingof the 24th
InternationalConfeenceon Parallel Processingl:11-14.

THIBAULT, W. C., AND NAYLOR, B. F. 1987. Setoperationon polyhe-
drausingbinary spacepartitioningtrees. In Proceedingof ACM SIG-
GRAPH1987, ACM, 153-162.

WEIGLE, C., AND BANKS, D. C. 1996.Compl&-valuedcontourmeshing.
In Proceeding®f IEEE Visualization1996 IEEE, 173-180.

WILHELMS, J., AND GELDER, A. V. 1992. Octreesfor fasterisosurfce
generation ACM Transaction®n Graphicsl1, 3 (July),201-227.



