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ABSTRACT The expression within the brackets of eq. (3) is often

. - called thestructure tensarlt provides a compact represen-
The paper makes a short presentation of three existing meth: P P P

ods for estimation of orientation tensors, the so-called struc—.tatio.n of the local structure (m.ovi.ng point/Iin'e) by means of
ture tensor, quadrature filter based te,chniques and techltS elgenvalges, and the veloc!ty interms of its eigenvectors.

. ' S " In general, it carries information about the local 3D struc-
niques based on approximating a Ioc_al p(_)lynomla_l mod_el. ture of the corresponding spatio-temporal volume, in par-
All three ”.‘e”.“’ds can be used for estimating an .Onema}t'onticular its orientation, which implies that estimation of 3D
tensor which in the 3D case can be used for motion estima-

) . orientation and structure can be used for computing of local
tion. The methods are based on rather different approache%otion_ This means that other techniques for estimation of

n tzrms of the unlderlylng_lslgnal thOdeﬁ.' hH_ov(;/_evetr, tr,:ﬁytlocal orientation, not based on the mean of outer products
produce more or less simpiar resuits which indicates tha of gradients, can be used also for motion estimation.

there should be a common framework for estimation of the We will here review three techniques for estimation of
tensors. Sth aframgwork IS proposeq, In terms ofasecqnqocal orientation, all resulting in a tensor based representa-
order mapping from signal to tensor with additional condi- tion. These techniques are rather different in terms of the

_tlons_ on trefml;a_p[:mtgr]]._ Itf't also shokwn that the three methOdSunderIying signal models, but they provide more or less the
N principie tafl into this framework. similar result. The main result of the paper is a formulation
of a common computational framework, in which the three

1. INTRODUCTION techniques are just different ways of choosing parameters.
The optic-flow equation 2 EARLY WORK
(Vo) =0, (1) In[4], the double-angle representation for local 2D orienta-

o _ - . tion is defined as the complex number= A 2%, where
implies that the motion vecto? = (v1,vz,1)" must be g s the directional angle of a line or edge, aAd> 0 is a

orthogonal to the local spatio-temporal image gradent  measure of confidence for the orientation statement. Since
However, eq. (1) does not provide a unique solutionfor ,,.0(;) — 2¢, it provides a continuous and averageable rep-
and consequently additional constraints need to be intro-regentation of local orientation. In [43,is estimated locally
duced for obtaining a unique solution see e.g., [6]. A py 5 process which measures “energy” in small regions of
a alternative [2], eq. (1) can be reformulated as the Fourier domain (F.D.) and setsiccording to where the
maximum energy is found and how much it is.

In [8] it is shown thatz can be computed by convolving
the image with a set of so-called quadrature filters. The
filters F}, are designed in the F.D. according to

(Vo) (Vg)'v =0, )

which implies tha® must be an eigenvector (& g)(Vg)?,
with zero eigenvalue. Again, this equation does not provide

a uniquev, but if we compute a local mean ¢Vg)(Vg)” Fi(u) = R(u) ramg (a” my,) (4)
over a regior) in which v can be assumed to be constant, 1
the corresponding relation becomes ramp(z) = g (z + |zf), u=ua, u=]ul ()
T ~ where R is a radial weighting function, anth;, are filter
X x d = 0, 3 . . . R
[/Qp(x) (V) (Vx)" dx| ¥ 3) direction vectors. Notice thaf, = 0 whenu®r;, < 0,

) ] - . ) ] which means that the filters are complex valued in the spa-
which under certain conditions provides unique solutions  tja| domain (S.D.). Given that there are 3 or more filters
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sponse from filtek, thenz can be computed as

2= |ak| e (6)
k

4. POLYNOMIAL APPROXIMATION

Yet another method of estimating an orientation tensor is
presented in [3]. It is based on a local polynomial model of
the signal, using polynomials up to second order:

Extensions of the 2D methods and representations for

local orientation are highly relevant for motion estimation,
but were not immediately discovered. The problem is ad-

gmodel(X) =x7 Ax+x"b+c (12)

dressed in [9] which proposes a 5D vector as a descriptor ofThe approach is based on making a weighted least squares
3D orientation. The vector is estimated using the same typeapproximation ofgmegel to the local signal, givingA, b, c.

of quadrature filter as in eq. (4), extended to the 3D case.

3. MATRICES AND TENSORS

A somewhat different path is explored in [1] by addressing
the problem of finding the dominant orientatiégnfor the
n-dimensional case. A solution is given by computing a
matrix J which in the F.D. can be formulated as

J= /F.D.uuT |G (u)2du @)

and has an approximation in the S.D. according to

I= [ b (Vo) (Vo) i ®
S.D.
wherep is a weight function (typically a Gaussian) ang
is the local gradient ofi. Notice that] amounts to the ex-
pression inside the bracket of 3 and that in the ideal chse,
can be expressed as
J=xnnT. 9)

wheren is the wanted orientation vector.

An algorithm for computing the elements of the matrix
J by means of filter responseg;, from the same filters
which were used to compute 5D vector is presented in [10].
The corresponding descript@is computed as

T=> g Nk
K

Nk:ﬁlkﬁlf—(N—FQ)_lI

(10)

(11)

whereN is the dimensionality of the signal.
In [10], T is referred to as tensor The appropriateness

Normally the weight function is a stationary function, re-
ferred to as thepplicability functiona(x). Through the
theory of normalized convolution [11], b, ¢ can be com-
puted as filter responses where the filters are given by dual
basis functions relative to the polynomial basis.

Furthermore, an orientation tensor can be computed as

T =AA” +ybb? (13)

which for the ideal case of a single line or edge gives a ten-
sor as in eg. (9). Notice that thiE is obtained as a second
order function of the local signal.

It is also shown that very efficient implementations for
the estimation ofA, b, ¢, andT can be made since the re-
sulting filters are Cartesian separable.

5. COMMON FRAMEWORK

The issue of this presentation is whether there is a common
framework in which the different methods for estimation of
an orientation tensor can be placed. Steps in this direction
has already been taken, see [7]. One answer is also given in
[12], where it is shown that if the tensor should transform in
a certain way relative to transformations of the signal, e.g.,
if a rotation of the signal rotates the eigenvectors of the ten-
sor in the corresponding way, then sufficient and necessary
conditions for polynomial functions from the signal to the
elements of the tensor can be derived.

The method in eq. (10) cannot be characterized as a sec-
ond order mapping, and cannot even be approximated as a
power series since the magnitude function is not analytic.
It should also be noted that the resulting tensor is not sub-
ject to equivariant transformations relative to rotations of
the signal unless the signal is strictly simple.

On the other hand, the basic method which results in

of this concept is outside the scope of this presentation, buteq. (10) can be modified to a formulation of the tensor as a
it should be noted that even though the estimation methodssecond order mapping

differ in egs. (8) and (10), the result is the same for the ideal
case. In the literaturestructure tensomormally refers to
constructingJ according to eq. (8), which is a bit unfortu-
nate if we want to distinguish the estimation procedure from
the resulting representation. In the following, we will sim-
ply seeJ and T as similar types of descriptors, both given
by eq. (9), and refer to them asientation tensors

T=> |al* Nk (14)
k

if the corresponding set of quadrature filters and tenBhyrs
are chosen appropriately. This can, e.g., be done by keep-
ing the same number of filters and filter directiafig but



changing the filter functions to the signal contains two or more lines or eddEss the sum
o of the corresponding orientation tensors. Unfortunately, this
Fi(u) = R(u) ramp(a” riy,) (15) type of second order filter function cannot be realized since
The fact that all of the above methods (with the modified It has infinite supportin the S.D. However, it can be approx-
. imated, e.g., as
guadrature filter approach) can be formulated as second or-
d_er mappings from signal to tensor indicates that such map- Fij(u,v) = —P(u+v) u; v; W(u) W(v) (23)
pings can be used as a common ground for computing the
tensor. See [13] for an overview of signal processing basedwhereP is an approximation of the impulse functiénFor
on second order filters. f is the local (real valued) signal, example, we can choos®(u) = e~ (1u/9)* /5 whereo is
a general second order convolution@ban be defined as reasonably small. This corresponds to the formulation given
in eq. (8), where the gradient is computed fram g rather
qaly) = // fy1,y2) 9(x = y1) g(x — y2) dy1 dy2 than fromg itself. _ . .
16 An alternative approach is to consider the case of ideal
(16) representation of a single line or edge. In this ca%e)

where f(y1,y2) = f(ys,y1). Assuming a local view we vanishes for alli # ¢ i1, and eq. (20) can then be written

can setx = 0,q = ¢(0), and get oo
T, — / / Fy(th,ra) G() G(r) dtdr (24)

q://f(yhyg)g(—m)g(—m) dyidys  (17) N N
whereG'(t) = G(t nn). A sufficient condition forF;; to

In the F.D. this corresponds to produceT = A i’ is then given by
Fi;i(tn,7h) =n; n; H(t, 25
qg= //F(u,v) G(u) G(v) dudv (18) s(E8,70) = B0y Ht,7) (25)

whereH for the moment is arbitrary except for

whereF is the2n-dim. Fourier transform (F.T.) of the filter -
function f, and G is the n-dim. F.T. of g. Notice that if H(t,m) = H(r,t), H(=t,—7)=H(t,T)  (26)

¢ € Rforallrealg then to makeT real. This gives

F(—u,—v) = F(u,v) (19)

T=nn’ // H(t,7)G'(t)G'(t)dtdr  (27)
We may define a set of second order filters, one for each
element of the tensof;;, which we denotd;;. Given that It is then natural to require thdf is such that
the tensor can be computed as a second order function of

the signal, we get A= //H(t,’]‘) G'(t)G'(r)dtdr > 0forall G’ (28)

Tij = // Fij(u,v) G(u) G(v)dudv  (20)  From this follows that any set of functior§; which meet
conditions in egs. (25) and (28) will produ@= X\ n a”,
The issue is now how should we choose the functions )\ > 0, for the single orientation case.
F;; to get a tensofl” which is useful for orientation repre-
sentation? One formulation is already given in [1], eq. (7), 6. TEST
whereT is formed by integrating “energy” times the cor-

responding orientation tensor over all points in the F.D. To For the case thaF is estimated as in eq. (8), we get
avoid the influence of high frequency components, it seems

reasonable to also include a weight function Hi(t,7)=-P't+7)tTtW )W (1) (29)
_ T 2 1170 whereP’ andWW’ are the 1-variable versions éfandV.
T= /F.D‘ uut |G) W (u)du (21) In the case thdl is estimated as in eq. (14), for the case

. ) , ) that the filter functions are given by eq. (15), we get
which we assume to be rotational symmetric. This means

that F/;; is given by Fij(th,rh) =Y (A71y,)?> Ny pS(t ) R(HR(7)
Fy(uv) = —du+v) W) W) uvl  (22) g (30)
This can be thought of as an ideal constructioafince it (t.7) = stef(t)stef—7) + ste —t)stef(7) (31)

represents a superposition of energy contributions, so that if 2
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