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ABSTRACT

Orientation tensors is a powerful representation of local ori-
entation. Over the years, several different approaches to es-
timate the tensors have appeared. The derivations of the
different tensors vary to a great extent. This partly obstructs
a theoretical comparison between them, which otherwise
would be useful when one wants to choose the best tensor
for a particular application. This paper shows that all the
existing tensors can be derived using a common framework.
The derivation is based on signal models and the concept
of orientation functionals. The idea is to estimate a sig-
nal model and compute a suitable orientation functional in
terms of the model parameters. The models used in this
paper are polynomial models and quadrature models. This
framework may also aid in the design of orientation tensors
based on other signal models.

1. INTRODUCTION

Orientation tensors have been used in many computer vi-
sion applications. Examples are velocity estimation (optical
flow) [1, 2, 3, 4], adaptive filtering [5], and as part of the
process of locating local image features such as corners and
junctions [6, 7].

There now exist several methods to compute the tensors
in practice. The earliest one is based on the image gradient,
see e.g. [8, 9, 4]. This tensor is often called the structure
tensor, but this term is not exclusively used for this type of
tensor. We will therefore refer to this tensor as thegradient
tensor. The tensor in [5] is based on quadrature filters and
will here be called thequadrature tensor. The third tensor
described in [2] is based on a polynomial expansion model
of the signal, hence referred to as thepolynomial tensor.

All of the tensors give the correct orientation when ap-
plied to a simple signal (defined in section 3). They are in
addition to that designed with different properties in mind.
The quadrature tensor is the only one that isphase invariant
for simple signals, which means that the norm of the tensor
is invariant to the signal phase. The polynomial tensor on
the other hand is designed to be positive semidefinite and
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rotation equivariantfor all type of signals. Rotation equiv-
ariance means that a rotation of the signal implies a corre-
sponding rotation of the tensor. The gradient tensor is also
positive semidefinite and rotation equivariant for all types
of signals, while the same properties for quadrature tensors
is only guaranteed for simple signals.

The last two tensors are implicitly or explicitly based
on different signal models, which have been used for other
applications as well. The quadrature filters have also been
used in phase estimation applications such as disparity es-
timation and stereo vision [5]. The polynomial expansion
model has also been used for disparity estimation [10] and
detection of rotational symmetries [11]. A closely related
model, called the cubic facet model, has also been used for
local image curvature estimation [12].

It turns out that all the tensors mentioned above can be
derived using approximately the same framework. This idea
is still under development, but we suggest a common recipe
for designing the orientation tensors:

1. Construct a suitable orientation functional, correspond-
ing to an orientation tensor.

2. Compute an adequate signal model.
3. Plug the signal model into the orientation functional

and get an orientation tensor in terms of the model
parameters.

2. SIGNAL MODELS

Assume that we have anN -dimensional signalf(x). Intro-
duce the scalar product

〈f, b〉w =
∫
RN

w(x)f(x)b∗(x)dx (1)

wherew(x) is a weight function and∗ means complex con-
jugate. Let{bk(x)} denote a subspace basis and{b̃k(x)}
the corresponding dual basis, computed as

b̃k(x) =
∑

n

(
G−1

)
kn

bn(x) (2)

whereGkn = 〈bk, bn〉w. Assume that we want to approxi-
mate, or model, the signal with a linear combination of the
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Fig. 1. Fourier transform of the filters needed to compute a
second degree polynomial model of a 2D signal.

basis functions. This can be accomplished by minimizing
a weighted least squares problem. From linear algebra we
know that the solution can be written as

f(x) ∼
∑

k

〈f, b̃k〉w bk(x) =
∑

k

〈f, bk〉w b̃k(x) (3)

Computation of the model parameters in each local region
of a signal is carried out by correlating the signal with the
filtersw(x)bk(x) and the resulting responses are combined
according to equation 3. The weight can be seen as a spatial
window controlling the size of the local region we want to
model.

We will now discuss two particular signal models; the
polynomial expansion model and the quadrature model.

2.1. Polynomial expansion model

In this case we have basis functions given by monomials
xp1

1 xp2
2 xp3

3 . . .. We typically choose a Gaussian function
with standard deviationσ as weightw. The Gaussian gives
nice properties, see [2] for a thorough analysis. The stan-
dard deviationσ of the Gaussian controls the spatial size.

For an example we look at a second degree polynomial
expansion of a 2D signal. Figure 1 shows an example of
filters that can be used to compute the model (the basis is
chosen for sake of comparison with the quadrature filters in
figure 2). In particular, a second degree polynomial expan-
sion of anN -dimensional signalf can be expressed as

f(x) ∼ xT Ax + bT x + c (4)

whereA is a symmetricN × N matrix,b anN × 1 vector
andc a scalar.

2.2. Quadrature model

Quadrature filters are defined in the Fourier domain to be
zero in a half plane. For example, the filters used in [5] are
expressed in the Fourier domain asFk(u) = R(|u|)Dk(û),

F{f1,re} F{f2,re} F{f3,re}

F{f1,im} F{f2,im} F{f3,im}

Fig. 2. Fourier transform of the filters needed to compute a
quadrature filter model of a 2D signal (using the filter direc-
tions0◦, 60◦, and120◦).

where

Dk(u) =
{

(û · n̂k)2 if û · n̂k > 0
0 otherwise

(5)

R(|u|) is a radial bandpass function, usually chosen as a
log-normal functione−C ln2(|u|/u0).

With these filters in mind we construct a quadrature model
in the Fourier domain using the basis functions{Dk}K

1 and
the weightw = R. The directionŝnk can for example be
chosen evenly distributed, e.g.

n̂k =
(

cos ϕk

sin ϕk

)
, ϕk =

2π

K
(k − 1) (6)

Computing the scalar products〈F,Dk〉R means in prac-
tice that we correlate the signal with the filtersRDk = Fk,
i.e. the usual quadrature filters. Letqk denote the filter re-
sponse for filterFk. Notice that we only have to compute
half of the responses ifK is an even number. We assume
that the signal is real valued and the filter response in a cer-
tain direction is therefore equal to the conjugated filter re-
sponse in the opposite direction, i.e.qk = q∗k+K/2.

As an example we choose the 2D case withK = 6. In
this case we get 3 quadrature filters. These filters are com-
plex valued in the spatial domain and each filter therefore
corresponds to 2 real valued filters,fk = fk,re + ifk,im.
fk,re is an even function andfk,im an odd function in the
direction n̂k. Figure 2 shows these 6 real valued filters in
the Fourier domain for a particular choice ofR. Notice that
even and odd functions are matched to have the same fre-
quency characteristic, i.e.|F{fk,re}| = |F{fk,im}|. After
the correlations we construct the signal model using equa-
tion 3 as

F (u) ∼
∑

k

〈F,Dk〉RD̃k(û) =
∑

k

qkD̃k(û) (7)

2.3. Comparison of models

From figures 1 and 2 we can see that the filters look qual-
itatively similar. The polynomial model has an extra DC-



filter, but this filter is not necessary for orientation estima-
tion since the remaining filters have zero DC (i.e. they are
orthogonal to the DC-filter). As mentioned before, the even
and odd quadrature filters are matched to have the same fre-
quency characteristic. This facilitates phase invariant tasks
as we will see below.

Both models can be efficiently computed, at least ap-
proximately. The polynomial filters can be made separable,
which gives a low computational complexity. They can also
be approximated even more efficiently using derivative fil-
ters, see [11]. The quadrature filters cannot be made Carte-
sian separable, but they can be approximated using filter
trees, see e.g. [13].

3. LOCAL ORIENTATION TENSORS

An orientation tensor is a representation of local orientation
that forN -dimensional signals takes the form of anN ×N
real symmetric matrix.

A simple signalwith the orientationm̂ is defined as
f(x) = h(x · m̂) for some functionh. This signal is rep-
resented by the tensorT = Am̂m̂T , whereA is a scalar
value that may encode other information than orientation,
for example local signal energy. For a non-simple signal it
is desired that the eigenvector with the largest eigenvalue of
the tensor points out the dominant direction of the signal. A
signal with no dominant direction is preferably represented
by an isotropic tensorT ∝ I.

There exist several methods to construct an orientation
tensor in practice. Below follows a short résuḿe of them (in
chronological order).

3.1. Gradient tensor

In [8], the gradient tensor is derived by computing a di-
rection sensitive function closely related to the orientation
functionals used in this paper. The variance, or inertia, in
the directionv̂ is computed as

V (v̂) =
∫
RN

d2(u, v̂)|F (u)|2du (8)

where|F (u)|2 is interpreted as a density function andd(u, v̂)
is the Euclidean distance between the pointu and the line
defined byv̂. The dominant orientation is found as the di-
rection which minimizesV . It can be shown thatV can be
rewritten as

V (v̂) = v̂T (trace(T)I − T) v̂ (9)

where

T =
∫
RN

∇f(x)∇f(x)T dx (10)

where∇f is the signal gradient. The matrixJ = trace(T)I−
T is sometimes referred to as the moment of inertia matrix

(in the Fourier domain). A Gaussian weight function serv-
ing as a spatial window is used in the practical implementa-
tion, i.e.

T =
∫
RN

g(|x|)∇f(x)∇f(x)T dx (11)

The gradient is estimated using Gaussian derivative filters.

3.2. Quadrature tensor

This orientation tensor is thoroughly described in [5]. A
number of quadrature filters with directionsϕk = 2π

K (k −
1), k = 1, . . . ,K/2 are correlated with the signal. The mag-
nitude of the filter responses are then combined into an ori-
entation tensor. The derivation of the tensor in [5] is based
on the observation that if the signal is simple with the direc-
tion m̂, we get the quadrature filter response magnitudes

|qk| = A(m̂ · n̂k)2 = 〈Am̂m̂T , n̂kn̂T
k 〉 (12)

whereA depends on the signal energy and the bandpass
function R. Hence,|qk| are scalar products between the
tensorT = Am̂m̂T and the basis functionsNk = n̂kn̂T

k .
We can therefore computeT using equation 3 as

T =
∑

k

|qk|Ñk (13)

whereÑk are the dual basis vectors toNk. This expression
is then used for non-simple signals as well.

The tensor is derived using the assumption that the sig-
nal is simple. We get a phase invariant tensor for this class
of signals, due to the properties of the quadrature filters.
The properties for non-simple signals are not fully investi-
gated. For example, the tensor is not necessarily positive
semidefinite for non-simple signals.

3.3. Polynomial tensor

This orientation tensor is thoroughly described in [2]. A
second degree polynomial expansion is computed which gives
the model in equation 4. The tensor is then constructed as

T = AAT + γbbT (14)

whereγ is a non-negative weight factor chosen by the user.
This tensor is designed so that the functionalφ(v̂) =

v̂T Tv̂ fulfills the desired properties in section 4. But a cor-
responding explicit functional independent of the polyno-
mial model has not been formulated before.

4. ORIENTATION FUNCTIONALS

Here we take the view that the orientation tensor is an in-
stance of the concept of orientation functionals. This idea
was introduced in [2], and we will use it here to unify the
design of orientation tensors.



An orientation functional is a mapping from the set of
unit vectors to the set of non-negative real values. The value
is interpreted as a measure of how well the signal locally is
consistent with an orientation hypothesis in the given direc-
tion v̂. Since we do not distinguish between two opposite
directions, we require thatφ(−v̂) = φ(v̂). We also state
some desired properties on the mapping from signal neigh-
borhoods to the associated orientation functionals, the most
important being (see [2] for a complete list):

• Rotation equivariance: Assume that the signal is ro-
tated around the origin, so thatf(x) is replaced by
f(x) = f(Rx), whereR is a rotation matrix. Then
the orientation functionalφ associated tof should re-
late toφ byφ(v̂) = φ(Rv̂), i.e. be rotated in the same
way.

• In directions along which the signal is constant,φ
should be zero.

• For a simple signal in the direction̂m, φ should have
its maximum value for̂m and−m̂, and decrease mono-
tonically as the angle to the closer of these two direc-
tions increases.

• The orientation functional should be invariant to the
DC level.

The orientation functional can be constructed in the Fourier
domain or in the spatial domain. An example of an orienta-
tion functional in the Fourier domain is

φ(v̂) =
∫
RN

B(|u|) |F (u)|p(û · v̂)2 du (15)

whereB is a radial function andp is an energy sensitivity
parameter. The last factor is a directional sensitivity func-
tion, decreasing as acos2 from the preferred direction. This
particular choice makes it possible to rewrite the functional
as

φ(v̂) = v̂T Tv̂ (16)

where

T =
∫
RN

B(|u|) |F (u)|pûûT du (17)

In particular, if we chooseB(|u|) = |u|2 andp = 2 we get

φ(v̂) =
∫
RN

|F (u)|2(u · v̂)2du (18)

This functional can be rewritten in the spatial domain using
Parseval’s relation as

φ(v̂) =
∫
RN

(∇f(x) · v̂)2 dx (19)

By adding a weight function, serving as a spatial window,
we arrive at

φ(v̂) =
∫
RN

w(|x|) (∇f(x) · v̂)2 dx = v̂T Tv̂ (20)

where

T =
∫
RN

w(|x|)∇f(x)∇f(x)T dx (21)

This is the same tensor expression as in equation 11.

5. DERIVATION OF THE TENSORS IN SECTION 3

We will now show that the orientation tensors described in
section 3 can be derived by choosing an orientation func-
tional and replacing the signal with a suitable model.

5.1. Gradient tensor

The tensor in section 3.1 is equivalent to the one in equation
21 when choosingw as a Gaussian function. In this case we
do not insert an explicit model of the signal, except that the
gradient∇f is “modeled” by Gaussian derivative filters.

5.2. Quadrature tensor

The quadrature tensor in section 15 can be derived from the
functional in equation 15 usingB = R andp = 1. But in
this case wemodel the magnitude|F (u)| instead ofF (u).
To compute a model of|F (u)| is a bit difficult in practice.
It turns out though that this model can, up to a constant, be
computed from the model ofF (u) if the signal is simple.
Assume that we have computed a quadrature model of the
signalF (u), equation 7. Then it can be shown, assuming
a simple signal, that the quadrature model of|F (u)| can be
expressed as

|F (u)| ∼ C

K∑
k=1

|qk|D̃k

=
K/2∑
k=1

|qk|(D̃k(u) + D̃k+K/2(u))

(22)

whereC is a positive scalar which equals 1 for a narrow-
banded signal. The last equality holds becauseqk = q∗k+K/2.
This model (ignoringC) inserted into equation 17 gives

T =
∫
RN

R(|u|)|F (u)|ûûT du

∼
K/2∑
k=1

|qk|
∫
RN

R(|u|)
(
D̃k(u) + D̃k+K/2(u)

)
ûûT du

(23)

It remains to be shown that the integrals

Mk =
∫
RN

R(|u|)
(
D̃k(u) + D̃k+K/2(u)

)
ûûT du

(24)



are proportional to the dual vectors̃Nk. This can be real-
ized by studying the scalar product betweenMk andNp for
k, p ∈ [1,K/2], i.e.

〈Np,Mk〉 = n̂T
p Mkn̂p

=
∫
RN

R(|u|)
(
D̃k(u) + D̃k+K/2(u)

)
(û · n̂p)2 du

= 〈D̃k,Dp〉R + 〈D̃k,Dp+K/2〉R

+ 〈D̃k+K/2,Dp〉R + 〈D̃k+K/2,Dp+K/2〉R

= δ(k − p) + δ(k − p − K/2)
+ δ(k + K/2 − p) + δ(k − p)

= 2δ(k − p)
(25)

whereδ is the discrete Dirac function. Hence,Mk fulfills
the criteria for being a dual basis (except for a constant).

5.3. Polynomial tensor

From the polynomial model in equation 4 we can compute
the signal gradient as

∇f(x) ∼ 2Ax + b (26)

If we insert this estimate into the tensor expression in equa-
tion 21 we get

T =
∫
RN

g(|x|)∇f∇fT dx

∼
∫
RN

g(|x|)(2Ax + b)(2Ax + b)T dx

= . . . = 4σ2AAT + bbT

(27)

This tensor is proportional to the tensor in section 3.3 if we
chooseγ = 1

4σ2 .

6. CONCLUSIONS AND DISCUSSION

All three tensors in section 3 have their advantages and dis-
advantages, and there may not be a best choice for all ap-
plications. This framework might help to understand the
properties of the different tensors and may also be of help
in the design of new tensors using other signal models.

Some observations can be made from the analysis. Note
for example that the gradient tensor and the polynomial ten-
sor are derived using the same functional but different sig-
nal models. We can also see that the quadrature tensor
is not necessarily positive semidefinite for non-simple sig-
nals, since the model of|F (u)| can assume negative val-
ues. It is also not clear how this model behaves for non-
simple signals. Finally, if we ignore the weight-functions
we can roughly compare the tensors in the Fourier domain
and say that the gradient tensor and the polynomial tensor
are both based on the “density” function|u|2|F (u)|2, while
the quadrature tensor is based on|F (u)|.

7. REFERENCES

[1] J. Bigün and G. H. Granlund, “Optical Flow Based
on the Inertia Matrix of the Frequency Domain.,” in
Proceedings of SSAB’88, Lund University, Sweden,
March 1988,

[2] G. Farneb̈ack, “Spatial Domain Methods for Orienta-
tion and Velocity Estimation,” Lic. Thesis LiU-Tek-
Lic-1999:13, Dept. EE, Link̈oping University, SE-581
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