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Abstract— This manuscript presents an extension of
the phase correlation image alignment method to N-
dimensional data sets. By the Fourier shift theorem,
the motion model for translational shifts between N-
dimensional images can be represented as a rank-one
tensor. Through useof a high-order singular value decom-
position, the phasecorrelation betweentwo N-dimensional
data sets can be decomposedto independently identify
translational displacements along each dimension with
subpixel resolution. Using 3D MRI data sets,we demon-
strate the effectivenessof this approach relative to other
N-dimensional image registration methods.

. INTRODUCTION

The acquisition of multi-dimensionalimage data is
fast becomingcommonplacedue to rapid improvement
in imaging technology This is particularly true in the
authors eld of expertise of medical imaging. This
includes sumgical treatmentplanning where 3D visual-
ization is essential, diffusion tensorimaging which is
inherentlymulti-dimensionalandfunctional-MRIwhere
analysisis improved with high resolution3D coverage.
In eachof thesecasesregistrationof multi-dimensional
image setsis vital for both the comparisonof images
betweenpatientsand betweenimaging sessionf the
samepatient.

In responseto this need, mary methodshave been
developedto estimatethe displacementand deforma-
tion betweensimilar images[1], [2]. The mostpopular
methodin medicalimaging applicationstoday is based
on the maximizationof mutualinformation(Ml), partic-
ularly for registrationof imagesacquiredfrom multiple
modalities.A good review of Ml can be found in [3].
This approachasshowvn to be very robustin estimating
translationsrotations,and af ne deformationsbetween
multiple data sets. Thesemethodsare currently based
on maximization of an objective function, and often
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utilize gradientsearchapproacheso nd the maximum.
However, in certain image registration problems, this
approachcan be computationallyexcessve.

In particular there exist certain caseswhere rigid
registrationis sufcient. Rigid registrationconsidersnly
translationsand rotations betweenimages. It is well
known that thesetwo motion modelscanbe considered
separatelyin the Fourier domain [4]. By estimating
the rigid registrationparametersn the Fourier domain,
translationcanbe consideredndependentlypf rotations.

This independencédetweenthe two motion models
allows us to consider here only translationalmotion
betweenN dimensionaldatasets,with the expectation
that this method is complimentaryto other methods
focusedon rotation estimation,e.g. [5]. Our approach
belov addressethelimited casewherethe motionmodel
can be completelydescribedby translationalshifts, and
we demonstratethat direct global estimationmethods
suchasourscan nd a bettertranslationestimatewith
greater computationalefciency than gradient search
methods.

[I. THEORY

For the registration of two-dimensionalimages,the
phasecorrelationmethod (PCM) [6] is populardue to
robust performanceand computationakimplicity. In this
manuscript,we demonstratea techniquethat extends
the phasecorrelation method to identify translational
displacementsbetweenmuIti-dimensionaldatasetsﬂ

A. PCM registration with sub-pixelresolution

The phasecorrelationmethod[6] capitalizeson the
well-known Fourier shift theoremwhich stateghatshifts
in the spatialdomaincorrespondo linear phasechanges
in the Fourier domain. Speci cally, if a pair of two-
dimensionalfunctions, A and B, are spatially related
by a simpletranslationakhift in coordinatesystemsthe

1This manuscriptpresentshe theoreticalbackgroundor the pre-
liminary applicationpresentedn [[].



elementsof the Fourier representationf B, denotedB,
arerelatedto A by

B(l1;12) = A(ls;l2) exp( [(Ixta + [2t2)) (1)

where (I1;15) are the Fourier domain coordinatesand
t, and t, are the amount of horizontal and vertical
displacemenbetweenA andB.

In the original PCM approachpne rst computeghe
phasecorrelation matrix

v Bl 1)A (I1:12)
QU1i12) = B THA (1))

= exp( [(lats + I2t2)):

2)
Computingthe inverseFourier transformof Q resultsin
a matrix wherethe location of the peakvalueidenti es
the translation.In ideal cases,this function could be
representecs

Qxy) = (x tyy to): 3)

Phasecorrelationis widely usedbecauseestimation
of motionin the phasedomainis exceptionallyrobustin
thepresencef noise[[8]. However, sub-pixel translations
will causethe peakin Q(x;y) to spreadto neighboring
pixels.In addition,theresolutionof the peakcandegrade
dueto the presenceof aliasingand edge-efiects[i9]. To
addresstheseissues,a numberof extensionsto PCM
have beenproposedwo of which are briey reviewed
here.

In [9], Stone,et. al., performedsub-pixel translation
estimatiornvia a 2D least-squares$ to the phaseplaneof
Q. They shavedthattwo sourcesf spectrumdistortion
can degradethe estimatequality: aliasingduring image
acquisition,and edge effects producedby the discrete
Fourier transform (DFT). To overcome these effects,
they apply a spatial domain ervelope to the images
before comparisonto ensuresmoothtransitionsat the
imageedgesandusean appropriatenaskduring phase-
planeparameteestimation.This maskallows only those
phasecorrelationmatrix elementswith signi cant signal
informationinto the estimationalgorithm.

It wasrecentlyshowvn [[10] that robust translationpa-
rameterestimationcanalsobe performedn the presence
of thesespectrumdistortionsby rst nding the domi-
nant singular vectorsof Q. The Eigen- Itering nature
of the SVD effectively suppressesoisein the phase
correlation matrix and isolatesthe phasecontrikution
from vertical and horizontal translation. This allows
phaseunwrappingalong eachdimensionindependently
ratherthan 2D phaseunwrappingasin [9]. The SVD
approachgreatly simpli es the translation estimation,
and can be extendedto higher dimensionaldata sets
by utilizing the high-order SVD describedin the next
section.

B. Thehigh order SVD

The standard2D matrix SVD is dened as A =
U VH. HereU;V areunitary matricescontainingsin-
gularvectors,and is adiagonalmatrix of non-neyative
singularvalues, ;. The SVD is typically usedto identify
and order the dominantcolumn and row subspace$or
two-dimensionalmatrices. The dominantleft singular
vector U1, is thesolutionto max, kAH uk, with uHu =
1, and correspondgo the largestsingularvalue, ; =
kAH U1k2.

To extend this matrix SVD to data organizedin a
multi-dimensionalcoordinatesystem,DeLathauwer et.
al. [11], de ne thehigh-orderSVD (hoSVD)usingtensor
operatorsas

A=S uUD ,L,yu® N UND: (4)
Here,the U areunitary matricesand S is a tensorof
the samesize as A which containsthe singularvalues.
Note that S is typically not diagonal.Instead.,it is all-
orthogonal meaningthat the innerproductof any two
lines along a single modeis identically zero. For a 3-D
examplein MATLAB-style matrix notation, this would
bewritten ashS(:;i; :); S(;;j; )i = 0; 8i 6 j for lines
along the seconddimension.The n-mode product, ,
of an N-dimensionaltensorwith a matrix alongthe nt
dimensionis de ned as

(A nUksior e aiiina: v =
in Qissiz; sin wiinsine s sin Yjnsin

In practice, n-mode multiplication is performed by
rst unfolding the tensoralong a given modeto create
a 2D matrix, performingthe matrix multiplication along
that mode,and thenfolding the databackto the tensor
form. For athreedimensionatensorof sizelL 1 by L, by
L 3, theunfolding operationcanbe written in MATLAB-

style notationas

unfoldi(A) = [ A(G; L) AG; 2 A(G;L2;) ]
unfolda(A) = [ACG: )T ACG; 5 2)T AGnLa)T ]
unfoldz(A) = [A(L; ;)T A@; ;)T A(L1;5)T ]

The multiplication along moden canthenbe imple-
mentedas

A U = fold, (U unfold,(A))

(5)

For reference the familiar 2D SVD can be written in

tensornotationas A = U VvH = U LV =
L U@ L, U@,



C. ExtendingPCM with the hoSVD

For multi-dimensionalmageghatdiffer only by trans-
lational shifts, all of the relevant motion information is
containedin the phaseof the dominantsingularvectors
of the phase correlation matrix, Q. To estimatethe
registration parametersdetweenthesetwo images,one
forms the phasecorrelationmatrix in the samemanner
as the 2D case, @. Masking Q to concentratethe
algorithm on data closestto the DC coordinatein the
Fourier domainis often practical. This preventsspectral
distortiondueto aliasingfrom impactingthetranslational
estimatesandreduceghetotal numberof datapointsto
be analyzed.

The dominantsingular vector along eachdimension
of Q is calculatedby rst unfolding Q along a given
dimensionn, andsolving

max_ (unfoldn(Q)" uf” | (6)
to identify the dominantsingularvector along moden.
The linear phasechangealong u(l”) correspondgo the
spatial translation,t,, along mode n betweenthe two
datasets.To estimaté,, the phaseof u(ln) is unwrapped,
anda line is t to this datawhich minimizesthe least
meansquareerror. The slopeof this line, ¢, corresponds
to the shift ast, = cl,=(2 ), wherel, is the length of
the vectoru{™.

To spatiallyalign the two datasets,onecanintroduce
a phaseshift to the Fourier domainimagedata.Speci -
cally, to correctfor a shift t, betweenmagesA andB,
one canconstructa linear phasechangevector

"a(X) = exp(2 ty x=ly) for x = 1250 (D)

and form a diagonal matrix , with ', along the
main diagonal. Once the translational shifts t, have
been calculated,they may be applied to the Fourier
representationf B via

(8)

Finally, the registeredimage can be reconstructedoy
performingan inverseFourier transformon Bggrrected -

Beorrected = B 1 1 2 2 n n-

We demonstratehere the validity of this approach
usingthree-dimensionainagneticresonancémages.3D
MR imagesaretypically acquiredasa stackof multiple
2D slices.For the datapresentedere,the orientationof
the 2D planediffers betweeneachimageset, shavn in
Figurell This producesdatawith voxel sizesthat differ
betweenthe image sets, and introduces translational
shifts betweenthe images.The datawas acquiredusing

RESULTS

aproductionquality 3D fastspin-echasequencen a GE
Medical Systemsl.5T MR scannerTo co-rajisterthese
threedatasets,Set2 and Set3 areregisteredto Set1.

Rav MR image data is typically acquiredthrough
a Fourier encodingprocess.Thus, the spatial domain
reconstructionscontain both magnitudeand phasein-
formation. With the 3D-FSE protocol usedto acquire
the data shawvn, a spatial-domainphasevariation was
presentacrossthe reconstructediata, correlatedto the
low-resolutionaxis. Thus, to determinethe registration
parametersthe datawas rst transformedo the spatial
domain, the phaseinformation eliminated,and then the
imagedatawastransformedackto the Fourierdomain.

Betweenthe image data sets, there was a common
areaof overlap of consistingof a cubein the Fourier
domainwith 64 samplego a side.While the registration
algorithmcanbeappliedto datawithin thisfull cube,it is
computationallyadvantageouso processa smallercube
of 32-by-32-by-32data samplessurroundingDC. This
selectionprocesss equivalentto the maskingoperation
suggestedor the 2D PCM methodin [9].

For each data set comparison,the phase correla-
tion matrix is calculatedas Q = BA IBA j. The
dominantsingular vector of Q is calculatedfor each
dimension, n, via solution of the maximization of
k(unfold,(Q))H u{™k, with respectto u{". Figure
illustrates the linear characterin the phase of these
dominantsingularvectorsbetweerSet1-Set2 andSet1-
Set3. The stronglinearity of this dataindicatesthat the
deviation betweenthe data setsis dominatedby linear
translationsThe translationalongeachdimensionof the
datais found by estimatingthe slope of the phase,as
describedn Secll=Cl

Tabledll andlll comparethe estimatiorresultsobtained
using our hoSVD-PCM approachwith resultsobtained
usingconstrainedPowell-method,gradientsearchmeth-
ods. Our hoSVD-PCM approachwas comparedto two
alternatve optimizationfunctions: maximizationof mu-
tual information (MI) and normalizedcrosscorrelation
(NCC). The implementationof these algorithms was
obtainedfrom the StatisticalParametricMapping (SPM)
toolbox [[12], which is usedto analyzefunctional-MRI
data.To presenta fair comparisonyesultsfrom the full
SPMimplementatiorof Ml andNCC areshownn, aswell
asasetfrom amodi ed implementatiorwhich restricted
the parameteestimationto translationalmotion only.

Tabledll and[l illustrate the comparisomnumerically
As shown in the tables,the motion estimatesare consis-
tentacrossall methods.To measurdghe accurag of the
estimation,the registration estimatesare appliedto the
seconddatasetto correctthetranslatiorrelative to Set1.
The meansquarederror (MSE) betweenthis corrected



Set 1 sized
128 by 128 by 64.
low resolution along

Superior Inferior axis

Set 2 sized
128 by 64 by 128.
low resolution along

Left Right axis

Set 3 sized
64 by 128 by 128.
low resolution along

Anterior Posterior axi

S

Fig. 1. Original datato be registered:three 3D fast-spin-echdMR acquisitionseachwith a uniquehigh-resolutionplane.
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Fig. 2. Comparisorof linear ®t estimateto phaseof the dominantsingularvectorsin the phasecorrelationmatrix for (a) Set1 and Set2,

and(b) Setl and Set3



datasetand Set1 andis measuredria

E KA

S X
(A(i;j; k) Beorrected(i; J; k))?
[HH

(9)

Bcorrected kF

For this set of data, restricting the gradient search
methodsto nd only the translationparametershad a
signi cant impact on the results. The rotation estimate
in thenon-constrainedases nearlynegligible. Nonethe-
less,the measuredVSE in the gradientsearchmethods
was reducedby restricting the parameterestimateto
translationalshifts, bolsteringour claim that thereis no
rotation presentbetweenthe three datasets.Restricting
the gradientsearchmethodsalso produceda signi cant
decreasén computationtime.

Even after restrictingthe Ml and NCC algorithmsto
searchfor translationsonly, the hoSVD-PCMtechnique
maintainghe adwantageby providing slightly lower error
than either of the gradientsearchmethodswhile being
signi cantly fasterto compute.The algorithmtiming re-
sultsarepresentedn the rst row of Tablesl andll, and
were measuredusinga MATLAB 13.1 implementation
on a 1GHz Intel Pentium-4basedPC with 512MB of
RAM.

This comparisondemonstrateshat the hoSVD-PCM
methodcan be signi cantly fasterto computethan the
gradientsearchmethodswhile providing more accurate
estimates.The computationalspeedof this approach
dependssigni cantly on the size of the constructed
phase correlation matrix. This matrix need be only
large enoughto illustrate the linear characterof the
phaseinformation. Additionally, the reducedcomputa-
tional time neededfor hoSVD-PCM is a direct result
of the fact that it seeksa closed-formestimateof the
motion model parameter@and doesnot requireiterative
searchingoetweenthe estimatedparameters.

IV. DIsSCUSSION

A. Whythis particular decomposition?

Amongthe choiceof high-ordertensordecomposition
techniqueq13], [14], [15], DelLathauwers was chosen
becausehe methodto nd the dominantsingularvector
of a tensoralong a given dimensionis consistentwith
the 2D matrix case.In our 2D SVD-PCM technique
[10], the separatiorof the phasecorrelationmatrix into
its dominantcomponentsdependson the maximization
perspectie of the SVD. DeLathauwers hoSVD extends
this ideato multi-dimensionadatasetsin a naturalway.

B. Applicability to geneal rigid registration problems

For generalrigid registrationproblems,this approach
will needto beintegratedwith anapproachhatestimates
rigid rotations. As stated earlief estimation of trans-
lation in Fourier domainis completelycomplementary
to approachedocusedsolely on rotation estimationin
the Fourier domain. For example, we anticipate that
the combinationof the proposedmethodwith Keller's,
et. al., rotation estimationalgorithm [5] will provide
a computationallyef cient way to perform 3-D rigid
registration. Keller's rotation estimatemethod is also
basedon phase correlation, however, it is basedon
the pseudo-polarFourier transform[16] which has an
numericalcompleity ontheorderof the FFT. In contrast
to the method by Reddy and Chatterji, [4], Keller's
approachcan be naturally extendedto 3D imagedata.

C. Performancein presenceof additive noise

To measurehe relative performanceof the technique
in the presenceof additive noise,we repeatedhe reg-
istration estimationabove but addedvarying levels of
spatially white Gaussiannoise to each image before
registration.Fig. 3 shaws the root-mean-square-errdor
two suchexperimentgelative to the level of noiseadded
to eachimage.The datais shovn usinga relative signal
to noisescalewith SNR= 10 log;o(kAk2 =knkZ). The
plotsillustratethatour hoSVD-PCMtechniquedegrades
in the presenceof noiseat roughly the samepoint and
at the samerate as normalizedmutualinformation. The
reductionin RMSE provided by our approactis evident
at eachnoiselevel, consistentwith the previous results
in Tablesl and II. We note that above the noiselevels
shown, the translationestimatesf both methodsapidly
deteriorateo the point wherethey becomemeaningless.

V. SUMMARY

We have presentedan extension of the phasecor-
relation image alignmentmethodto multi-dimensional
data sets. Through use of a high-order singular value
decompositionthe phasecorrelation betweentwo N-
dimensionalimagescan decomposedo independently
identify translationaldisplacementslong eachdimen-
sion with subpixel resolution. Our results shov that
in caseswhere the motion model is dominated by
translationakhifts, the hoSVD-PCMapproachproduces
registrationestimatesvith lower meansquarecerrorand
is fasterto computethan gradientsearchtechnigues.
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