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Identi�cation of translationaldisplacementsbetween
N-dimensionaldatasetsusing the high orderSVD

andphasecorrelation
W. ScottHoge,� Member, IEEE andCarl-FredrikWestin,Member, IEEE

Abstract— This manuscript presents an extension of
the phase correlation image alignment method to N-
dimensional data sets. By the Fourier shift theorem,
the motion model for translational shifts between N-
dimensional images can be represented as a rank-one
tensor. Thr ough useof a high-order singular value decom-
position, the phasecorrelation betweentwo N-dimensional
data sets can be decomposedto independently identify
translational displacements along each dimension with
subpixel resolution. Using 3D MRI data sets,we demon-
strate the effectivenessof this approach relative to other
N-dimensional image registration methods.

I . INTRODUCTION

The acquisition of multi-dimensionalimage data is
fast becomingcommonplacedue to rapid improvement
in imaging technology. This is particularly true in the
author's �eld of expertise of medical imaging. This
includessurgical treatmentplanning where 3D visual-
ization is essential,diffusion tensor imaging which is
inherentlymulti-dimensional,andfunctional-MRIwhere
analysisis improved with high resolution3D coverage.
In eachof thesecases,registrationof multi-dimensional
image sets is vital for both the comparisonof images
betweenpatientsand betweenimaging sessionsof the
samepatient.

In responseto this need,many methodshave been
developed to estimatethe displacementand deforma-
tion betweensimilar images[1], [2]. The most popular
methodin medical imaging applicationstoday is based
on themaximizationof mutualinformation(MI), partic-
ularly for registrationof imagesacquiredfrom multiple
modalities.A good review of MI can be found in [3].
This approachhasshown to bevery robust in estimating
translations,rotations,and af�ne deformationsbetween
multiple data sets.Thesemethodsare currently based
on maximization of an objective function, and often
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utilize gradientsearchapproachesto �nd the maximum.
However, in certain image registration problems,this
approachcanbe computationallyexcessive.

In particular, there exist certain caseswhere rigid
registrationis suf�cient. Rigid registrationconsidersonly
translationsand rotations betweenimages. It is well
known that thesetwo motion modelscanbe considered
separatelyin the Fourier domain [4]. By estimating
the rigid registrationparametersin the Fourier domain,
translationscanbeconsideredindependentlyof rotations.

This independencebetweenthe two motion models
allows us to consider here only translationalmotion
betweenN dimensionaldatasets,with the expectation
that this method is complimentary to other methods
focusedon rotation estimation,e.g. [5]. Our approach
below addressesthelimited casewherethemotionmodel
canbe completelydescribedby translationalshifts, and
we demonstratethat direct global estimationmethods
suchas ours can �nd a better translationestimatewith
greater computationalef�ciency than gradient search
methods.

I I . THEORY

For the registration of two-dimensionalimages,the
phasecorrelationmethod(PCM) [6] is popular due to
robustperformanceandcomputationalsimplicity. In this
manuscript,we demonstratea techniquethat extends
the phasecorrelation method to identify translational
displacementsbetweenmulti-dimensionaldatasets.1

A. PCM registration with sub-pixelresolution

The phasecorrelationmethod[6] capitalizeson the
well-known Fouriershift theoremwhich statesthatshifts
in thespatialdomaincorrespondto linearphasechanges
in the Fourier domain. Speci�cally, if a pair of two-
dimensionalfunctions, A and B , are spatially related
by a simpletranslationalshift in coordinatesystems,the

1This manuscriptpresentsthe theoreticalbackgroundfor the pre-
liminary applicationpresentedin [7].
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elementsof the Fourier representationof B , denotedB,
arerelatedto A by

B(l1; l2) = A (l1; l2) exp(� | (l1t1 + l2t2)) (1)

where (l1; l2) are the Fourier domain coordinatesand
t1 and t2 are the amount of horizontal and vertical
displacementbetweenA andB .

In the original PCM approach,one�rst computesthe
phasecorrelation matrix

Q(l1; l2) =
B(l1; l2)A � (l1; l2)
jB(l1; l2)A � (l1; l2)j

= exp(� | (l1t1 + l2t2)) :

(2)
Computingthe inverseFourier transformof Q resultsin
a matrix wherethe locationof the peakvalue identi�es
the translation.In ideal cases,this function could be
representedas

Q(x; y) = � (x � t1; y � t2): (3)

Phasecorrelation is widely usedbecauseestimation
of motion in thephasedomainis exceptionallyrobust in
thepresenceof noise[8]. However, sub-pixel translations
will causethe peakin Q(x; y) to spreadto neighboring
pixels.In addition,theresolutionof thepeakcandegrade
due to the presenceof aliasingandedge-effects [9]. To
addresstheseissues,a numberof extensionsto PCM
have beenproposed,two of which are brie�y reviewed
here.

In [9], Stone,et. al., performedsub-pixel translation
estimationvia a 2D least-squares�t to thephaseplaneof
Q. They showedthat two sourcesof spectrumdistortion
can degradethe estimatequality: aliasingduring image
acquisition,and edgeeffects producedby the discrete
Fourier transform (DFT). To overcome these effects,
they apply a spatial domain envelope to the images
before comparisonto ensuresmooth transitionsat the
imageedges,anduseanappropriatemaskduringphase-
planeparameterestimation.This maskallows only those
phasecorrelationmatrix elementswith signi�cant signal
information into the estimationalgorithm.

It wasrecentlyshown [10] that robust translationpa-
rameterestimationcanalsobeperformedin thepresence
of thesespectrumdistortionsby �rst �nding the domi-
nant singular vectorsof Q. The Eigen-�ltering nature
of the SVD effectively suppressesnoise in the phase
correlation matrix and isolates the phasecontribution
from vertical and horizontal translation. This allows
phaseunwrappingalongeachdimensionindependently,
rather than 2D phaseunwrappingas in [9]. The SVD
approachgreatly simpli�es the translation estimation,
and can be extendedto higher dimensionaldata sets
by utilizing the high-orderSVD describedin the next
section.

B. Thehigh order SVD

The standard2D matrix SVD is de�ned as A =
U� V H . Here U;V are unitary matricescontainingsin-
gularvectors,and� is a diagonalmatrix of non-negative
singularvalues,� i . TheSVD is typically usedto identify
and order the dominantcolumn and row subspacesfor
two-dimensionalmatrices.The dominant left singular
vector, u1, is thesolutionto maxu kAH uk2 with uH u =
1, and correspondsto the largest singular value, � 1 =
kAH u1k2.

To extend this matrix SVD to data organized in a
multi-dimensionalcoordinatesystem,DeLathauwer, et.
al. [11], de�ne thehigh-orderSVD (hoSVD)usingtensor
operatorsas

A = S � 1 U(1) � 2 U(2) � � � � N U(N ) : (4)

Here,the U (i ) areunitary matricesandS is a tensorof
the samesize as A which containsthe singularvalues.
Note that S is typically not diagonal.Instead,it is all-
orthogonal, meaningthat the inner-productof any two
lines alonga singlemodeis identically zero.For a 3-D
examplein MATLAB-style matrix notation,this would
be written ashS(:; i; :); S(:; j; :)i = 0; 8 i 6= j for lines
along the seconddimension.The n-modeproduct, � n ,
of an N-dimensionaltensorwith a matrix along the n th

dimensionis de�ned as

(A � n U) i 1 ;i 2 ;��� ;i n � 1 ;j;i n +1 ;��� ;i N =P
i n

ai 1 ;i 2 ;��� ;i n � 1 ;i n ;i n +1 ;��� ;i N uj n ;i n :

In practice, n-mode multiplication is performedby
�rst unfolding the tensoralong a given modeto create
a 2D matrix, performingthe matrix multiplicationalong
that mode,and then folding the databack to the tensor
form. For a threedimensionaltensorof sizeL 1 by L 2 by
L 3, theunfoldingoperationcanbewritten in MATLAB-
style notationas

unfold1(A) = [ A(:; 1; :) A(:; 2; :) � � � A(:; L 2; :) ]
unfold2(A) = [ A(:; :; 1)T A(:; :; 2)T � � � A(:; :; L 3)T ]
unfold3(A) = [ A(1; :; :)T A(2; :; :)T � � � A(L 1; :; :)T ]

The multiplication along moden can then be imple-
mentedas

A � n U = foldn (U unfoldn (A)) (5)

For reference,the familiar 2D SVD can be written in
tensornotation as A = U� V H = � � 1 U � 2 V � =
� � 1 U(1) � 2 U(2) .
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C. ExtendingPCM with the hoSVD

For multi-dimensionalimagesthatdiffer only by trans-
lational shifts, all of the relevant motion information is
containedin the phaseof the dominantsingularvectors
of the phase correlation matrix, Q. To estimate the
registration parametersbetweenthesetwo images,one
forms the phasecorrelationmatrix in the samemanner
as the 2D case, (2). Masking Q to concentratethe
algorithm on data closestto the DC coordinatein the
Fourier domainis often practical.This preventsspectral
distortiondueto aliasingfrom impactingthetranslational
estimates,andreducesthetotal numberof datapointsto
be analyzed.

The dominantsingular vector along eachdimension
of Q is calculatedby �rst unfolding Q along a given
dimensionn, andsolving

max
u ( n )

1






 (unfoldn (Q))H u (n)

1








2
(6)

to identify the dominantsingularvectoralong moden.
The linear phasechangealong u (n)

1 correspondsto the
spatial translation,tn , along mode n betweenthe two
datasets.To estimatetn , thephaseof u (n)

1 is unwrapped,
and a line is �t to this datawhich minimizes the least
meansquareerror. The slopeof this line, c, corresponds
to the shift as tn = cln=(2� ), where ln is the lengthof
the vectoru (n)

1 .
To spatiallyalign the two datasets,onecanintroduce

a phaseshift to the Fourier domainimagedata.Speci�-
cally, to correctfor a shift tn betweenimagesA andB ,
onecanconstructa linear phasechangevector

' n (x) = exp(j 2� tn x=ln ) for x = 1; 2; :::; ln ; (7)

and form a diagonal matrix � n with ' n along the
main diagonal. Once the translationalshifts tn have
been calculated,they may be applied to the Fourier
representationof B via

Bcorrected = B � 1 � 1 � 2 � 2 � � � � n � n : (8)

Finally, the registeredimage can be reconstructedby
performingan inverseFourier transformon Bcorrected .

I I I . RESULTS

We demonstratehere the validity of this approach
usingthree-dimensionalmagneticresonanceimages.3D
MR imagesaretypically acquiredasa stackof multiple
2D slices.For the datapresentedhere,theorientationof
the 2D planediffers betweeneachimageset,shown in
Figure1. This producesdatawith voxel sizesthat differ
between the image sets, and introduces translational
shifts betweenthe images.The datawasacquiredusing

a productionquality 3D fastspin-echosequenceon a GE
Medical Systems1.5T MR scanner. To co-registerthese
threedatasets,Set2 andSet3 areregisteredto Set1.

Raw MR image data is typically acquired through
a Fourier encodingprocess.Thus, the spatial domain
reconstructionscontain both magnitudeand phasein-
formation. With the 3D-FSE protocol used to acquire
the data shown, a spatial-domainphasevariation was
presentacrossthe reconstructeddata,correlatedto the
low-resolutionaxis. Thus, to determinethe registration
parameters,the datawas �rst transformedto the spatial
domain,the phaseinformationeliminated,and then the
imagedatawastransformedbackto theFourierdomain.

Betweenthe image data sets, there was a common
areaof overlap of consistingof a cube in the Fourier
domainwith 64 samplesto a side.While theregistration
algorithmcanbeappliedto datawithin this full cube,it is
computationallyadvantageousto processa smallercube
of 32-by-32-by-32data samplessurroundingDC. This
selectionprocessis equivalent to the maskingoperation
suggestedfor the 2D PCM methodin [9].

For each data set comparison,the phase correla-
tion matrix is calculatedas Q = BA � =jBA � j. The
dominant singular vector of Q is calculatedfor each
dimension, n, via solution of the maximization of
k(unfoldn (Q))H u (n)

1 k2 with respectto u (n)
1 . Figure 2

illustrates the linear characterin the phase of these
dominantsingularvectorsbetweenSet1-Set2 andSet1-
Set3. The stronglinearity of this dataindicatesthat the
deviation betweenthe datasetsis dominatedby linear
translations.Thetranslationalongeachdimensionof the
data is found by estimatingthe slope of the phase,as
describedin Sec.II-C.

TablesI andII comparetheestimationresultsobtained
using our hoSVD-PCMapproachwith resultsobtained
usingconstrained,Powell-method,gradientsearchmeth-
ods. Our hoSVD-PCMapproachwas comparedto two
alternative optimizationfunctions:maximizationof mu-
tual information (MI) and normalizedcrosscorrelation
(NCC). The implementationof these algorithms was
obtainedfrom theStatisticalParametricMapping(SPM)
toolbox [12], which is usedto analyzefunctional-MRI
data.To presenta fair comparison,resultsfrom the full
SPMimplementationof MI andNCC areshown, aswell
asa setfrom a modi�ed implementationwhich restricted
the parameterestimationto translationalmotion only.

TablesI and II illustrate the comparisonnumerically.
As shown in the tables,the motionestimatesareconsis-
tent acrossall methods.To measurethe accuracy of the
estimation,the registrationestimatesare applied to the
seconddatasetto correctthetranslationrelative to Set1.
The meansquarederror (MSE) betweenthis corrected
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Set 1 sized

128�by�128�by�64.

low�resolution along

Superior�Inferior axis

Set 2 sized

128�by�64�by�128.

low�resolution along

Left�Right axis

Set 3 sized

64�by�128�by�128.

low�resolution along

Anterior �Posterior axis

Fig. 1. Original datato be registered:three3D fast-spin-echoMR acquisitionseachwith a uniquehigh-resolutionplane.
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Fig. 2. Comparisonof linear ®t estimateto phaseof the dominantsingularvectorsin the phasecorrelationmatrix for (a) Set1 andSet2,
and(b) Set1 andSet3
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datasetandSet1 andis measuredvia

E = kA � BcorrectedkF (9)

=
s X

i;j;k

(A (i; j; k) � Bcorrected (i; j; k))2

For this set of data, restricting the gradient search
methodsto �nd only the translationparametershad a
signi�cant impact on the results.The rotation estimate
in thenon-constrainedcaseis nearlynegligible.Nonethe-
less,the measuredMSE in the gradientsearchmethods
was reducedby restricting the parameterestimateto
translationalshifts, bolsteringour claim that thereis no
rotationpresentbetweenthe threedatasets.Restricting
the gradientsearchmethodsalsoproduceda signi�cant
decreasein computationtime.

Even after restrictingthe MI and NCC algorithmsto
searchfor translationsonly, the hoSVD-PCMtechnique
maintainstheadvantageby providing slightly lowererror
than either of the gradientsearchmethodswhile being
signi�cantly fasterto compute.Thealgorithmtiming re-
sultsarepresentedin the�rst row of TablesI andII , and
were measuredusing a MATLAB 13.1 implementation
on a 1GHz Intel Pentium-4basedPC with 512MB of
RAM.

This comparisondemonstratesthat the hoSVD-PCM
methodcan be signi�cantly fasterto computethan the
gradientsearchmethodswhile providing more accurate
estimates.The computationalspeedof this approach
dependssigni�cantly on the size of the constructed
phase correlation matrix. This matrix need be only
large enough to illustrate the linear characterof the
phaseinformation. Additionally, the reducedcomputa-
tional time neededfor hoSVD-PCM is a direct result
of the fact that it seeksa closed-formestimateof the
motion model parametersanddoesnot requireiterative
searchingbetweenthe estimatedparameters.

IV. DISCUSSION

A. Why this particular decomposition?

Amongthechoiceof high-ordertensordecomposition
techniques[13], [14], [15], DeLathauwer's was chosen
becausethe methodto �nd the dominantsingularvector
of a tensoralong a given dimensionis consistentwith
the 2D matrix case. In our 2D SVD-PCM technique
[10], the separationof the phasecorrelationmatrix into
its dominantcomponentsdependson the maximization
perspective of the SVD. DeLathauwer's hoSVD extends
this ideato multi-dimensionaldatasetsin a naturalway.

B. Applicability to general rigid registration problems

For generalrigid registrationproblems,this approach
will needto beintegratedwith anapproachthatestimates
rigid rotations. As stated earlier, estimation of trans-
lation in Fourier domain is completelycomplementary
to approachesfocusedsolely on rotation estimationin
the Fourier domain. For example, we anticipate that
the combinationof the proposedmethodwith Keller's,
et. al., rotation estimation algorithm [5] will provide
a computationallyef�cient way to perform 3-D rigid
registration. Keller's rotation estimatemethod is also
basedon phasecorrelation, however, it is based on
the pseudo-polarFourier transform[16] which has an
numericalcomplexity on theorderof theFFT. In contrast
to the method by Reddy and Chatterji, [4], Keller's
approachcanbe naturallyextendedto 3D imagedata.

C. Performancein presenceof additivenoise

To measurethe relative performanceof the technique
in the presenceof additive noise,we repeatedthe reg-
istration estimationabove but addedvarying levels of
spatially white Gaussiannoise to each image before
registration.Fig. 3 shows the root-mean-square-errorfor
two suchexperimentsrelative to thelevel of noiseadded
to eachimage.The datais shown usinga relative signal
to noisescale,with SNR= 10� log10(kAk2

F =knk2
F ). The

plots illustratethatour hoSVD-PCMtechniquedegrades
in the presenceof noiseat roughly the samepoint and
at the samerateasnormalizedmutual information.The
reductionin RMSE providedby our approachis evident
at eachnoiselevel, consistentwith the previous results
in TablesI and II . We note that above the noiselevels
shown, the translationestimatesof bothmethodsrapidly
deteriorateto thepoint wherethey becomemeaningless.

V. SUMMARY

We have presentedan extension of the phasecor-
relation image alignmentmethodto multi-dimensional
data sets.Through use of a high-ordersingular value
decomposition,the phasecorrelation betweentwo N-
dimensionalimagescan decomposedto independently
identify translationaldisplacementsalong eachdimen-
sion with subpixel resolution. Our results show that
in cases where the motion model is dominated by
translationalshifts, the hoSVD-PCMapproachproduces
registrationestimateswith lower meansquarederrorand
is fasterto computethangradientsearchtechniques.
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