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Abstract

Ultrasound imagesprovide the clinician with non-invasive, low cost,andreal-timeimages
that canhelpthemin diagnosisand plannnig and therapy. Howewer, although the human

eyeis ableto derive the meaningfulinformation from theseimages,automatic processing
is very di cult becauseof the noiseand artefacts presei in the image. In this work, we

proposeto extend the currernt anisotropic di usion technique to deal with the spedle

noisepreset in the Ultrasound images. To this end, we usea previously derived model

of the noise,and we write the restoration shemeasa energyminization constrainedby

the noisemodel and parameters. This approad leadsto a new data attachmen term

whoseoptimal weight can be automatically estimated. *

1This work was supported by CIMIT.



Contents

1 Badkgound. . . . . . . . ... e
1.1  Model of the spedle noisefor ultrasound images. . . . . ... ..
1.2  Anisotropic Diusion . . ... ... ... ... ... ...
2 Noise-ConstrainedDiusion . . . . . . . . .. ... ..
2.1  Optimization for a Gaussiannoise[12] . . .. ... .. ... ...
2.2  Optimization for Spekle Noise . . . .. ... .. ... ......
3  NumericalSheme . . . . . .. . ... ...
4 ExperimertsandResults. . . . ... .. ... ... .. oL
41 Syntheticimage. . . . . . . . . .. . ...
4.2 Ultrasoundoftheliver . . . . . ... ... ... ... .......

5 Conclusionand Perspectives . . . . . . . . . . . ... ... o



1 Backgound 2

Anisotropic Di usion of Ultrasound Constrainedby Spedle NoiseModel Ultrasound
is a low cost, non-invasive imaging modality that has proved popular for many medical
applications. Howewer, the coherem nature of ultrasound results in imagesthat are
corrupted by spedle noisewhich reducesthe utilit y of ultrasound for lessthan highly
trained usersand alsocomplicatesimageprocessingasks sud asfeature segmetation.
We rst give a badkground on the noise properties in ultrasound images,and on the
restoration technique that we use for noise reduction. In section 2, we descrike the
noise-cotrained di usion proposedby Rudin et al. and we extendthis approad to deal
with the characteristics of spedkle noise. In Section 3, our numerical stheme,the main
algorithm and the di erent parametersare presertied. Finally, experimerts on both a
syrthetic and a real datasetsare depicted, which shav the behavior of our method.

1 Backgound

1.1 Mo del of the speckle noise for ultrasound images

The spedle noiseis known to have a Rayleigh distribution. Howewer, the displayed
imagesfrom the ultrasound device have di erent properties. One property of the im-
age is the logarithmic compression. The analytic study of log compressedRayleigh
signalsin medical ultrasound has been addressedfor examplein [3, 1]. Loupas [6]
shows that the linear relationship betweenthe meanand the standard deviation valid
for Rayleigh distributed spedle no longer holds for ultrasound images. Experimertal
measuremets show that displayed ultrasonic imagescan be modeledas corrupted with
signal-dependen noiseof the form:

Up = u+pun; (1)

whereu is the original signal, up is the obsened signal, and n is a zero-meanGaussian
variable with standard deviation . In the scope of this work, we useequation (1) as
a model to descrile the noisein ultrasound images.

1.2 Anisotropic Di usion

A generalexpressionof the anisotropic di usion equation can be written as:

ux;0) = u
e dv(F)+ (uo ) @

@

whereF is the diusion ux and is a data attachmert coe cient.

If = 0, particular casef this equationare: 1) the heatdi usion equationF = r u
which is equivalert to a Gaussiancornvolution. 2) the Peronaand Malik equation [10]
with F = g(k r u K)r u whereg is a di usion function. This function has the e ect
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of reducing the di usion for 'high' gradierts, basedon a threshold on the norm of
the gradiert. 3) the matrix diusion proposedin [14], which usesa diusion matrix
noted D with a ux F = Dr u. The matrix D can be expressedn a diagonal form,
with eigen/ectorsfyo;vl;vz) and eigervalues o; 1; ». Thenthe ux canbe expressed
asF = Dru = izzo iUy, Vi whereu,, = r uv; is the rst order derivative of the
intensity in the direction of v;. In [5], we use a particular ux that is decommsed
in the basis of the gradiert (vo) and the maximal (v;) and minimal (v,) curvature
directions computed on the smaothed image u , where the smaothing is obtained by
convolution with a Gaussianof standard deviation . The principal curvature directions
are computed astwo eigervectors of the matrix PH P whereH is the Hessianmatrix
of the imageu and P isthe projection matri>t< orthogonalto the gradiert direction, that

iSH®= PH P with P =1 J{—EJ ; ,-rr " J. , Wherel is the identity matrix in 3D. The
eigervaluesof the di usion matrix are chosenas functions of the rst order derivative
of the intensity in the correspnding eigervector direction, and can be written in the

form ;(uy,) = uy,:g(uy,). The diusion in the gradiert direction, go(x), is chosenas
2

Peronaand Malik's di usion function, i.e go(X) = e 2 where is a threshold on the
intensity derivative in the smaothed gradiert direction, and0< g; @ <= 1 weigh
the di usion in the principal curvature directions.

The data attachmert term was rst introduced by Nordstrem [9], who proposed
to unify the variational methods of energy minimization [2, 8] with the anisotropic
di usion equationintroducedby Peronaand Malik. This term allows a corvergenceof
the di usion sdhemeto an imagethat remainscloseto the initial data. It regularizes
the equation, allows to expresst asan optimal solution and obviates the needto choose
a diusion time for stopping the equation.

2 Noise-Constrained Di usion

The data attachmert coe cient can be optimally estimated from the imagein the
caseof Gaussiannoisewith zero mean and a known standard deviation |, as shavn
in [12]. Note that, if the standard deviation of the noiseis not known a priori, it can
be estimated from the initial imageby selectinga region of interest cortaining a single
structure and estimating its standard deviation. An alternative is alsoto run the lter
twice, using a rst estimate of the standard deviation of the noise,and then using the
Itered imageto obtain a better estimate of |, for a secondimproved restoration. We
rst describe the technique proposedby Rudin et al. in the caseof Gaussiannoise,and
then we proposean extensionfor the noisemodel in ultrasound images.



2 Noise-Constrained Di usion 4

2.1 Optimization for a Gaussian noise [12]

Let up(x) denote the voxel valuesof the obsened noisy image for x = (x;y;z) 2 ;
and u(x) denotethe desiredrestoredimage. The additive Gaussiannoisen is given by
Uo(X) = u(x) + n(x). The ideaproposedin [12] is to write the restoration processas a
constrained minimization, where the constrairt is de ned by the characteristics of the
noise, in thiqqcaseits zeromean and its standard deviation ,. This minimization is
written min  kr uk d, with the two constrairns:

Z Z Z

ud = upd ; andjij (U uy)?d = 2 (3)

which meansthat the white noisen is of zeromean,and hasa given standard deviation
n > 0. This secondconstraint usesa priori information that the standard deviation of
the noisen is ,. The Euler-Langrangeequationslead:

@ . ru
@ div TR (t)(u  up) 4)
in , and % = 0 onthe boundary of = @ From theseequations,the value of the
coe cient ﬁ) is deducedby multiplying (4) by (u up) and integrating by part over :
()= =5 ) u): 10 g wherer (u u) is the gradiert of the di erence

between the image being restored and the original noisy image, and ".' denotesthe
scalarproduct operator. This givesa dynamic value (t), which appearsto corvergeas
t! 1 . Accordingto [12],this approad is basedon the gradiert projection method of
Rosen[11]. In this casethe diusion ux F of equation (2) is the normalized gradiert
of the imageF = S, the equation above can be generalizedfor any di usion ux,

leading (t) = 2j1j r (u ug):F d. This last equationis alsoequivalert to:
1 z .
(1) = — j (u ug):div(F) d (5)

2

2.2 Optimization for Speckle Noise

We useequation (1) asa model for spedle noise,wherethe standard deviation |, of the
Gaussiannoisen is known. Adapting the work of Rudin et al.[12] to this noisemodel,
the constraint given by equation (3) becomes:
z
1 U Up)?
1(u)—— ud = 2 (6)
] u
u? uj

and its gradiert is givenby r E;(u) =

, leading:

@ = v 0"

(7)
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and g‘ = Oonthe boundaryof = @. Tocompute (t), we multiply equation (7) by
u+u 2y and integrate over the . When steady state has beenreaded, the left side of
(7 vanlshes,and we have:

z
(t) = gjlj ‘:+ o Uudiv(F) d : 8)

3 Numerical Scheme

To improve the computation time and stability, we usea stationary iterative schemefor

solving the partial di erential equation. Other options include adapting the numerical

sthemeproposedby Weidkert [13, 14, or using the conjugate gradiert method as pro-

posedin [4]. The imagewith N points (pixels or voxels), is represelted as vector of

RN, denotedu. The diusion equation (4) or (7) is written in the form & @ - Au b,

WhereA if aN N matrix and b is a vector of RN depending on the initial image uq.

We are looking for the xed point of the equation A u = b. To this end, we usethe

Jacobior the Gauss-Seidemethod. The Gauss-Seideinethod consumedittle memory

becauseit usesthe sameimage for computing and storing the resulting image. The

Gauss-Seideimethods corvergesfaster than the Jacobi method, but it introducessome
asymmetryin the numerical sheme,than can be compensatedby alterning two reverse
ordersof scanningthe image. Howewer, becausehe Gauss-Seidetechnique is recursiwe,

it isdicult to parallelize,while the Jacobitechniqueis naturally structured for parallel

implemenation. The description and algorithm below apply to both schemes,the only

di erence beeneither to usetwo imagesu® and uk** for the Jacobi method, or to use
the sameimage for the currert and the next iteration in the caseof the Gauss-Seidel
technique. Details of our numerical shhemeand implemenation are given belov. Our

equationis expressedas div(F) “2u2“5 = 0.

Discretization of div(F)

We write the discretization of the divergenceoperator asat a given voxel x:

X2 X2
div(F)(x) = g” = Fa(x+dx,=2) Fn(x dx,=2);
=0 - "  n=0

whereF = (Fo; F1; F»)t, and (dxo; dx 1;dx») arethe unit vectorsalongead coordinate.
In orderto simplify, let uscq;psiderthe rst componert of F. As statedin sectionl1.2,our
ux iswritten F = Dr u= IZO iUy, Vi, where(vo;Vvy;Vv2) arethe gradiert vector, and
the direction of maxupal and minimal curvaturescomputedon the sm@thed image. Our
diusion ux isF =, uy,g(uy,)vi, and eath componernt is F, = [ Uy, G (Uy,)Vip
where vj, is the componert number n of the vector v;. In order to get the certral
coe cient that appliesto u(x), we needto discretizeu,, = r u:v; at the positions
(X an:Z)an 0;1;2g-

Let usconsiderthe casen = 0. The linear part comesonly from the gradiert vectorr u,
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which is computed at x + dx,=2 using the following discretization: uy(x + 1=2;y;z) =
Uz,00 Uo0;0s

Uy(X + 1=2,y;2) = (Uy0 + Ugo Uz 10 Uo; 10) =4, and

U (X + 1=2;y;2) = (Ugo1 + Uoor  Uro 1 Uoo; 1) 4,

with Uapc = U(X + a;y + b;z + €). Isolating the term ug,o,o leads:

Fo(X + dX0:2) = S(Ul;o;o uO;O;O) + 5 (9)

X2 X2
with = g(u,)(Vis)® and = (UyVis+ UVi2)g (Uy,)Vin (10)
i=0 i=0
and , = ,(x dxo=2) (samefor ). We de ne in the samemanner , and ,,
which have the sameexpressionsut estimatedat x  dx,=2 and we de ne the same
variablesfor y and z componerts (n = 1 and n = 2). The discretization of div(F) is
then written:

div(F) = Rugoo+ S (11)
X2
with R = (t+ ) (12)
n=0
X2
and S= cu(x+dxp)+ o u(x odxg)+ N (13)
n=0

Overall scheme
Thus, we get the following iterative scheme, starting from u® = ug:

RUS) uk*t + S KWt up) = 0 (14)

S(uk)+ Kkug
k R(Uk) .
. 2 2 . . .
In the caseof spedle noise,f (x;y) = *3* and u**! is the real solution to the third
order polynomial equation (R < 0 because ; > 0):

s, (S 9o,  "uf
R(uk) R(uk)

For Gaussiannoise,f (x;y) = x y and the iterative shhemebecomea**! =

X =0 (15)

This equation has only one real strictly positive solution, becausethe constart term
% is strictly negative. By solving this equationinstead of using f (u¥; ug) in equation
(14), we considerablyimprove the stability of the numerical scheme.

Main Algorithm

We can save computation time by storing the valuesof the coe cients | and /| and
deducingthe coe cients |, and , from the previousneigtbors: | (x) = ,(x dx).
It only requiresstoring onecoe cient for o, oneline of coe cien ts for ; and oneplane

of coe cients for , (and the samefor ).
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Algorithm 1 (Itera tion K+ 1).

begin
8X;y); o= 1(X)= L,(y)=0
8(xY): o= 1(X)= L(xy)=0
S =0

Compute smoothed imageuX = Uk G
for x =(Xx;y;2) 2
for n 2 f0;1;2g and position x + dx,=2:
Compute gradiert of the current imager uX
Compute gradiert r u® and Hessianmatrix H (u¥) of uk
Compute principal curvature directions from r uk and H (u*)
Set (Vi)iaf 0:1:29 @S gradiert and principal curvature directions
Compute | and ; using (10).
end for
Compute R and S using (12) and (13).
Set uk*! (x) asthe real strictly positive solution of equation (15)
Update integral of equation (8) using equation (11):
S =S + (RuK+ S)4 eyt
0= or 1= 15 2(xy)= (%)
o 1= 17 26y = 2 (%)

0
end for
k+1 — %

end.

The parameters of the algorithm are , , g;, gz, the number of iterations, the type
of noise(Gaussianor spele), the standard deviation , of the noise. The valueof s
usually chosenbetween0:8 and 1:5 depending on the noiselevel in the original image.
The threshold is chosenaslow aspossiblein orderto presene small structures, but still
beingableto remove the noise. The coe cien t of smoothing in the maximal and minimal
curvature directions g; and g, are usually setto 0:1 and 0:5 for angiogramsand 1 and
1 for restoration bigger structures. The typical number of iterations usedis between10
and 40 iterations, and the method either readhescorvergenceor small structures start
to dissapear which meansthan someof the previous parametersshould be decreased.
The standard deviation of the noiseis estimated automatically by selectingareasinside
structures within the original image.
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4 Experiments and Results

4.1 Synthetic image

We createda syrthetic 3D imagerepreseting a Y-junction of a vessel. The main vessel
of radius 4 voxels splits into two branchesforming an angle of 90 degreesand of radii 2
and 3 voxels. To make the image similar to an ultrasound acquisition, the intensity of
the vessels setto 25 and the intensity of the badkground is setto 50. The binary image
is then corvolved with a Gaussiankernel of standard deviation 0.7 in order to simulate
partial volumee ect, and a multiplicativ e noiseis addedfollowing the model of equation
(1), with a standard deviation 1 and 2 for the noise,as shovn in gure 1. We usethe

=

Figure 1: Oneslicedisplay from the 3D syrthetic Y-junction image. From left to right,
initial image, initial imagewith additional noise ,, = 1 and the correspnding Itered
image, initial imagewith noise , = 2 andits ltered result.

following de nition of the SignalTo NoiseRatio (SNR): SNR(I;1,) = 10 Ioglova"r"’(‘[é"l)r),
wherel, isthe imageto ewvaluate, | , is the initial imagewithout noise,andvar(l) denotes
the variance of the intensity in the imagel. The SNR improved from 1 to 9.8 for the
image corrupted by a noiseof standard deviation 1, and from 0.3 to 7.1 for the image

corrupted by a noiseof standard deviation 2. The parametersusedin theseexperimerts

are;. =08, = 2,0 = 01, gp = 0.5, 40 iterations, spedkle noise, , = 1 for the
rst noisy image;and the sameparameterswith = 3and , = 2 for the secondnoisy
image.

4.2 Ultrasound of the liver

A 3D ultrasound of a liver was acquired using a freehand systemthat consistedof a
Lynx ultrasound unit (BK Medical Systems,Wilmington, MA) and a miniBIRD track-
ing device (AscensionTednology, Burlington, VT) 2. The 3D ultrasound was generated
using the Stradx software (Cambridge University, Cambridge, UK). The image dimen-
sionsare 201 193 142 with isotropic voxel resolution. After selectingse\eral areas
both in the liver tissueand in the blood vesselswe estimatedthat, for our noisemodel,
the standard deviation of the noise | is approximatively equalto 1. We ran our I-

ter with the following parameters: = 0.8, = 3, g, = 0.1, g, = 05, 30 iterations,

2Thanks to Raul SanJose Estepar for providing the ultrasound dataset.
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spedle noise, , = 1. The processingime wasabout 15 minuteson a Pertium Certrino
processorrunning at 1.7 GHz. In the ltered imageof gure 2, we can appreciatethe
noise reduction while most structures are still presen in the image. Figure 3 shows,

Figure 2: From left to right, 3D ultrasound dataset of a liver, zoom in a region of
interest, result of the our lter.

on selectedarea, the di erence betweenthe original and the restoredimages,and the
estimated noisegiven our noisemodel. A closeinspection should reveal that the latter
is more uncorrelatedto the di erent tissues(in this caseliver and vessels),which can
justify, a posteriori, our multiplicativ e noisemodel.

Uo Ur Uy U (U u)= T

Figure 3: Visual comparisonof the noisetexture betweenvesseland liver tissues. From
left to right, obsened signal, restoredsignal, their di erence, estimated noise.

5 Conclusion and Perspectiv es

We presened a newimagerestoration technique, which takesinto accourt a model of the
spele noisein ultrasoundimages. This newtechnique combinesan anisotropicdi usion

method specially designedor preservingand enhancingsmall vessektructures[4], with a
constrained ltering [12]initially proposedfor Gaussiannoise,and adaptedand exterted
for the noise characteristics of ultrasound images. We detailled our numerical scheme
to allow reproducibility of our results, and our code is alsofreely available as a module
of the 3D Slicer3. Our rst results are promising. Future work includesevaluting the

Swww.slicer.org
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performanceof the lter asa pre-processingool for automatic segmetation algorithms.
We plan in particular to use a level set technique for automatic segmetation of the
blood vesselsn the liver. Another interesting opportunity is to run intensity correction
algorithms like the Expectation-Maximization algorithm proposedin [15], or algorithms
basedon entropy minimization[7], and ideally to include an intensity correction within
our noisereduction technique. Finally, our technique runs in parallel using the Jacobi
method, which could lead to real-time noisereduction and segmetation of ultrasound
imagesto better guide intervertional and surgical therapies,wherethe primary skill of
the caregiver may not be ultrasound image interpretation.
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