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Abstract

Redistancingthe implicit surfaceis currertly the mosttime-consumingstagein Level Set
Methods, usually accomplishedoy applying the Fast Marching algorithm to a binarized
image. We proposeto apply a fasterand linear approximation of the Euclidian Distance
while maintaining the sub-wvoxel accuracyof the interface.
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1 Intro duction

Although the Level Set Method [0S88,Set99f has only relatively recertly beenintro-
ducedasan imageprocessingool, it hasalready prooved usefulin delineating corntours
and in segmeting objects. Becausdt relieson animplicit represeration of the ewlving
cortour asthe zero-crossing®f an image, it dealsnaturally with changesin topology.
Howe\er, sincethis method represets cortours asthe zero-crossing®f an image, the
dimensionalyof the problemis increasedby one and processingiime may increasecon-
siderably To o set this problem, we typically createa narrow band of the imagepoints
lying within a given distanceto the cortour, and then processthe Partial Derivative
Equation of the cortour ewlution inside this narrow band. The useof the narrow band
and numerical considerationsrequire computing the distanceto the ewlving cortour
ewery few iterations.

Se\eral techniqueshave beenproposedfor computing this distance[SF99, Set99a].

In [SSO94]the authors proposeto solwe the following equationin order to compute
the signeddistanceto the interface:

(X0 = o
sign( o)(1 kr Kk): (1)

t

In particular, in [SF99],their formulate a volume preservingconstraint designedto pre-
vert the straying of the zerolevel setfrom the initial position even after many iteration;
their demonstratethat they only needto solwe the equationup to time t = L wherelL
is the thicknessof the narrow band about the interface in which a distancefunction is
needed;and they usehigh order methods in time aswell as spacefor solving the equa-
tion. However, this method which has good properties is computationally expensiwe,
especially noticeablewhen dealing with high resolution three-dimensionalimages.

In [RS00],the authors idertify the problem of preservingthe exact position of the
interface and proposeto solwe a new Partial Derivative Equation for this purpose. In
[Set994, a nlog(n) algorithm is proposedto computethe distanceby propagationuntil a
givendistanceto the cortour is readed. In this paper, we proposea novel fast algorithm,
which both presenesthe sub-woxel accuracyof the cortour position and computesits
signed,narrow-bandeddistancewith a linear complexity.

Add: RossWhitaker, Tsikilis, Strain, Osher...

2 Sub-V oxel reinitialization of the Narro w Band

The Level Set Method usedfor segmetration is intrinsically a sub-voxel estimation of
the corntours of the object, becauseit represets the object as the zero-crossingof a
gray scaleimage. The surfaceis generallyextracted at the end of the ewlution usingthe
Marching CubesAlgorithm [LC87], which hypothesisedri-linear interpolation between
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the voxels. It is commonto reinitialize the Distance Transform from a binary image
ewery few iterations, however doing this compromiseshe sub-woxel accuracy

2.1 Sub-V oxel reinitialization

We will limit our discussionto the isosurfaceof value zero. Hence,we designatea voxel
\neighbor" to the isosurfaceif this voxel is either of intensity zeroor if the isosurface
crossenethe six segmets (or four in 2D images)with its direct neighbors.

To calculate this distance,for eat point designatedas neigtbor to the surface,we
could compute the real distanceto the interpolated isosurfaceas the minimum of the
distanceto the closetriangles. Howewer, sud a formula would require extracting the
triangles and computing for ead triangle its distanceto se\eral closevoxels, a process
far too time consumingfor our application.

Alternativ ely, we could estimatethe distanceto the surface,while retaining asmuch
as possibleof the sameinterpolated surface. To achiewve this, we could maintain the
relative position of the points of the surfacewith their neighboring voxels.

We denotel (x; y; z) the intensity of the level setimageat the point (x;y;z) 2 N°.
A point of the surfaceM, whenthe surfaceis interpolated by trilinear interpolation, is
always a linear conbination of two voxels Vi = (X1;VY1;21) and Vo = (X2; Y2; Zo).

M= Vit+ L\, (2)

with ;= 12— 2 [0;1]and ,=1 1 2 [0;1], wherel; = 1 (V1) = I (X1;Y1;21) and

lo 11

|2 = | (Vz)

Figure 1: Distance from the neighbor points to the interpolated surface.

We denotel" the newimagewith estimatesof the distanceto the isosurfacefor voxels
neighbor to the isosurface.Thus, the valuesof I"at V; and V, are estimatedby projecting
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I
the vector V;\, in the gradiert directionr |:

F(Vl) = d]_ = I]_ and
r(Vz) = dz :| I with (3)

— 1 Lorlo.
-1 |1V1V2'kr|k'

Moreover, the vector Vll\/z is alwiiys oriented in one of the axesof the image co-
ordinates, and the scalar product V;V : ﬁ is thereby reducedto taking one of the
componerts of the unit vector in the gradiert direction.

Remarks:

Owing to the characteristically discretegrid, it is not possibleto retain the same
interpolated surface after the distance estimation in the neighborhood. In the
simple caseshowvn in g.1, howewer, the position of the interpolated surfaceis
presened. Becausehe samevoxel can shareseeral edgesthat intersectwith the
isosurface,we need only capture the minimal distance value estimated for this
voxel.

Our estimate approximates the real distanceto the surface;the accuracyof which
hinges on how closely the gradiert vector of the image appraximates the real
normal to the isosurface.The useof the samegradiert vector for both points V;
and V, allows keepingthe sameposition of the interpolated point M. Howe\er,
in regionswhere the isosurfaceexhibits high curvature, the gradiert vector will
quickly uctuate; estimates,in turn, becomelessaccurate. To more accurately
estimate the gradiert vector, one option is to use a linear conbinaison of the
gradiert estimationin V; and V, with weights ; and ».

2.2 Comparison with a binary reinitialization

Figure 2 shaws the ewlution of an initial circle of radius three pixels, ewolving with a
constart expansionforce of 0.8, a curvature coe cient of 0.2, a time stepof 0.1 and a
distancereinitialization ewery 10 iterations. On the top line we show the zero-isosurface
of the 3D image createdby stadking the 2D imagesobtained during 200 iterations. To
better understand why the binary reinitialization ewlvesto a square,on the bottom
line we shaw the zero-is@ortours of the distancereinitialization from a circle of radius
5.5. The binary distancereinitialization is achieved by assigninga value of 0:5 to the
points neighbors to the zero-is@ortour.

Figure 3 shavs the surfaceewlution on a Maximum Intensity Projection of animage
represeting an aneurysm. On the left column, we have superimposedthe isocorntour of
the estimateddistancein dashedred to the isocortour of the initial imagein black. The
bottom left image shaws that the two isocortours are almost identical, even when the
curvature is high, and that small variations in the isocortour shape are presened. The
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Figure 2: Evolution from a pixel with constart propagationforce. Left, ewolution using
a binary reinitialization. Right, ewlution usingthe sub-voxel reinitialization.

right column shows that the isocortours of threshold 1 and -1 are well situated around
the zero-is@ortour.
Remarks:

In this section,we have preserted results on 2D imagesfor clarity. The extension
to 3D is straightforward.

In caseof anisotropic voxels, we can apply the samedistance estimatesby taking
into accoun the voxel sizein eat dimension.

The useof a binary reinitialization can alsolead stagnationin the position of the
level setif it fails to move rapidly enoughbetweentwo re-initializations.

3 Narro w-Banded Fast Distance Transform

Once the distanceto the interpolated level set is estimated, we apply a very fast ap-
proximation of the Distance Transform (DT) to this level set that is restricted to the
sizeof the narrow band.

We usea new, modi ed algorithm to compute the Chamfer Distance with appro-
priate coe cients [Bor96]. Thesecoe cients ensurethat the error is boundedby 7.3
% of the exact distance. Other Exact Distance Transformscould be usedin this appli-
cation [Dan8Q Cui99. Howewer, a comparisonof the speedof se\eral Distance Trans-
forms [Cui99] shaws that the Chamfer DT is two or three times faster than the others.
Moreover, an approximation of the Distance Transform is su cient for our level set
application as long asthe distanceitself is not an explicit part of the Hamilton Jacobi
Equation. This Distance Transform hastwo purposes:1) to regularizethe equationand
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Figure 3: From left to right andtop to bottom, the initial imagewith the currernt position
of the level set, the level set image, the binary image with values -0.5 (inside) and
+0.5 (outside), the Distance Transform obtained from this binary image,the estimated
distance closeto the level set, the Distance Transform obtained from this estimated
image. The solid bladk line represeis the isocortour of the level set, the red, blue,

and greenlines represen respectively the isocortours of intensities 0,1 and -1 of the
displayed images.
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avoid numerical instabilities; 2) to estimatethe distanceto the contour for selectingthe
points belongingto the narrow band.

3.1 Chamfer Distance Transform

Let us considera binary imagerepreseting a shape F. A distancetransformation (DT)
corverts this binary imageto a distanceimage,whereead voxel hasa value measuring
the distanceto the closestvoxel in F. Yamashitaand Ibaraki [Y186] de ne the distance
betweentwo points x and y as the length of the shortest path connectingx and y in
an appropriate graph. They prove that any distanceis de nable in the above manner,
by choosingan appropriate neighborhood relation and an appropriate de nition of path
length.

In 3D cubic space ead voxel hasthree typesof neighbors: 6 areaneighbors, 12 edge
neighbors and 8 point neighoors.

The3 3 3 Weighed (or Chamfer) Distance Transformis de ned by three values
< a;b;c > which represen the local distance for ead of the three types of neighbors
(area,edgeand point neigrborsa._TBe_ local Euclideandistancebetweenthesethreetypes
of neighborswould givea< 1; 2; 3> DT which \leads to very rough appraximation
of the global Euclidean Distance Transform" [Bor96].

Not all combinations of local distancesa, band c result in usefuldistancetransforms.

In 2D, a regular distance transform is a metric [RP68]. In 3D, the conjectureis that
regular DTs are metrics too. The regularity is de ned as follows:
Considertwo pixels that canbe connectedby a straigh line, i.e., by usingonly onetype
and direction of local step. If that line de nes the distance betweenthe pixels,i.e., is
a minimal path, and if there are no other minimal paths, then the resulting distance
transform is regular.

In [Bor96], the author comparesthe appraximation error among seeral Chamfer
DT's in three-dimensionalimages. With the restriction, for the Distance Transform,
to be regular, a set of possible Distance Transforms are inferred, and the maximal
di erence with the Euclidean distance is computed. The best coe cien ts found are
< 0:92644 1:34062 1:65849>, giving a relative maximal error of 7.356%.

3.2 Algorithm

Computing of the Distance Transform only requires two passesthrough the image,
during which eat passcomputesthe distancesfrom the object to ead voxel for half of
the directionsofthe 3 3 3neighborhood. If the imagesareindexedby the coordinates
(x;y;2) 2 [0;Dx 1] [0;Dy 1] [0;D, 1],then the algorithm, asdescritedin [Bor96],
is written as:

Algorithm 1 (Standard Chamfer algorithm).
I/l First pass
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N

Figure 4: Neighbor types.

For z=1 to D,-1 do

For y=1 to Dy-1 do

For x=1 to Dy-1 do Vyy,; = min fv; + dyo.
(is;k )2N

/I Secondpass

For z=D,-2 to 0 do

For y=Dy-2 to O do

For x=Dy-2 to 0 do Vyy.,; = min fvx + dy0.
(i;k )2N

wherev is the image containing the initial cortour, N is the set of already visited
neighbors, and d, is the appropriate local distancea;b or c. This algorithm is linear
on the number of voxels of the image, and requiresthirteen additions on ead voxel for
eah pass. A small modi cation can give us the sameresult with only three additions
per voxel, and the possibility to compute the distance only until a given distance to
the cortour. This modi cation consistsin propagating the distanceto the non-visited
neighbors, instead of updating the currert neighbor from the already visited neighbors.
The resulting image is strictly the sameas the standard Chamfer Algorithm because
when the algorithm reades a given voxel, all its visited neighbors have updated its
value. We also adapted the algorithm in order to compute the positive and negative
distance for the exterior and interior of the object, retaining only two passeshrough
the image. Our new algorithm is thus written as:

Algorithm 2 (Signed Narr ow Banded Chamfer algorithm).
/I First pass

For z=0 to D,-2 do

For y=0 to Dy-2 do

For x=0 to Dy-2 do

If abgVyxy ) >= dmax then continue

If vy, > a do
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dy = Vxyzt @
dp = Vxyiz t b
dc. = Vyy.zt C
For (i,j,k) in Na do Vi = minfvij ;dag
For (I,J,k) in Ny do Viijik minfvi;j;k ;dbg
For (i,,k) in N¢ do vk = minfvy ;dg
Endif
If vy, < a do
da= Vyy, @
db: Vyy iz b
dc= Vyy; C
For (i,,k) in Na do Vi = maxfvijx ;dag
For (i,j,k) in Np do Vijx = maxfvix ;dpg
For (i,j,k) in N¢ do vk = maxfvi ;d.g
EndIf
EndF or.
/[ Secondpass
For (z,y,x)=(D,-1,Dy-1,D4-1) to (1,1,1) do
idem as rst pass
EndF or.

whereN4; Ny; N denotethe set of non-visited neighbors respectively for area, edge
and point neighbors. This algorithm allows two speedimprovemerns: The rst obviates
the needto compute voxels with intensity greater than the size of the narrow band,
givenby dnax . The secondfactorizesthe additions for ead kind of neighbor. The input
imagefor this algorithm is the estimate of distanceto the level setasdescribedin section
2, and a distancevalue of d,ax Or dmnax for exterior and interior voxels that are not
neighbors to the zero-isosurface.

4 Interpretation

In this section,we interpret the meaningof computing the \exact" Distance Transform
from a signed distance estimation for the voxels neighbor to the zero-is@wortour (see
section2). We will only interpret the external distance (positive values).

When computing the \exact" Distance Transformfrom a binary image,we are actu-
ally computing, for eat pixel or voxel, the shortest distanceto the set of voxel certers
includedin the object. If we substract0.5to the resulting distanceand concetrate only
on positive values,then we obtain the distanceto estimated object boundariesde ned
by combining arc of circlesof radius 0.5 (see g. 5 top left).

When we rst estimatethe distanceto the object boundariesfor the voxelsthat are
its neighbors, we are computing the distanceto a more accurate sub-voxel estimation
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Figure 5: Example of the Distance Transform computed from a binary and from an
interpolated distanceto a circle of radius 3.3.

of the object boundaries. If we denotethe initial distanceestimate , 2 [ 1;1]for any
point n in the neighborhood S of the cortour and | the initial image, we can formally
write our \exact" interpolated Distance Transform as:

8x =1(x) > 0; D(x):mzigka nk+ ,g (4)
n

If all the | valueswere negative, we could draw small circles(or spheres)certered
on n and with radius  ,, and interpret our Distance Transform as a distanceto the
boundary of an object created from these circles. Thus, if we considerthe negative
coecients ¢ = , 1, wecaninterpret the distanceto the cortour dilated by 1 as

the distanceto the set of circlescertered on n with radii 2.
8x =1(x) > 0; D(x) 1:m2i£1ka nk+ 9g (5)
n

The bottom line of gure 5 shows this set of circles for the binary (left) and the
interpolated (right) distance estimate. In the caseof the interpolated distance, the
external contour of the set of circleso ers a good estimate of the cortour dilated by 1.



5 Exp erimen ts 11

5 Exp erimen ts

5.1 Accuracy experimen ts

We performed experimerts in two and three dimensions,by ewlving an initial image
(disk in 2D and spherein 3D), under constart or meancurvature forces. In the caseof
constart speedewlution, the initial image was the signeddistanceto a disk/sphere of
radius 30 pixels/voxels. The perfect ewlution is then a slope R(t) = 30 t, wheret is
the ewlution time and R is the radius of the object. In the curvature ewlution case,
the initial image was the signed distance to aldjisk/sphere of radius 20 pixels/voxels.
The perfect ewlution is then givenby R(t) = = 20? 2t. The error was computed on
the set of points wherethe linearly interpolated level set crosseghe grid in ead of the
main axis directions. The Root Mean Squareerror of the distance of these points to
the certer of the object shows that no signi cant additional error is introducedby the
Chamfer distance approximation.
Resultsare depictedin gure gure 6.

T T T T
1 Fast Marching h 1 Fast Marching
Fast Chamfer ------- Fast Chamfer -------
S 5
u 08 A 5 o8
g A o
g g
z 0.6 et Z 0.6
7] ja ]
= s =t
& o4 J’:H \ 8 ou4 /
= . o s .
g /FFIA \ g //
x 0.2 x 02 o
0 / . L ;:_;:;_’;’;L::/_/
0 5 10 15 20 25 30 0 50 100 150 200
Time Time
) T T T T —
1.4 Fast Marching - 1.4 Fast Marching :
Fast Chamfer ------- Fast Chamfer ------- !
5 12 A 5 12 ‘
i / \ w !
o 1 (] 1 |
< 5 !
=3 0.8 2 \ = 0.8 JI
n - \ (2B £
g g ;
o 06 g o6 ;
z \ = /
S 04 \ g 04 p%
x & -
0.2 / 0.2 e
0 0 ke
0 5 10 15 20 25 30 0 25 50 75 100 125 150 175 200
Time Time

Figure 6: Root Mean SquareError on ewlving a disk (top row) and a sphere(bottom
row) under constart (left column) or curvature (right column) forces.
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5.2 Speed experiments

22 — 1 1 T T T 1T T T 1T T T 1

N I N Fast Chamfer -------
20 - X/[82+0.15 o N
18 - Fast Marching ———

: P : x*log(x)/27+1.4 --------
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12 -

10 -

N A OO ©
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5 101520253035404550556065 7075808590

Figure 7: Computation of the Euclideandistanceuntil distance5, for spheresof di erent
radii. Testedonimagesofsize200 200 200. On the abscissathe radius of the sphere.
On the ordinates, the time in seconddor eat method.

To test the speed of our new Narrow-banded Distance Transform, we compareit
with the Fast Marching Algorithm [Set99a],which has beenproposedfor reinitializing
the distancemap in Level Set Methods [Set99. The Fast Marching usesa min heap
structure that allows computing the distance by propagation from the initial cortour,
though it requires more processing. Moreover, it results in a complexity of nlog(n)
wheren is the number of voxels of the narrow band. In comparison,our method hasa
complexity of n, becauseit passeghrough ead point of the narrow band only twice.
We performed experimerts on synthetic imagesof size200 200 200, computing the
Euclidean distance in a narrow band of size 5 voxels for spheresof increasing radii
from 5 to 90 voxels with an incremen of 5. Results of the computation time of the
distancereinitialization, including the sub-voxel estimation for the points neighbor to
the cortour, are depictedin gure 7. The experimerts have beencarried on a Pertium
[l with 1.1 GHz running on the Linux operating system. Our method outperformsthe
usual Fast Marching distancereinitialization, and the processings up to 20times faster
for a sphereof radius 90 voxels, resulting in a subsequen accelerationof the overall
Level Set Method when segmeting objects in three-dimensionalmedical data.
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Figure 8: Result on segmeting the white matter in a SPGR MR Volume.
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5.3 Segmentation of the white matter

We segmeted the white matter on a 3D SPoiled Gradient Recalled(SPGR) Magnetic
Resonancdmage. We useda Level Set Method, initialized with v e spheresof radius
eight voxels ead, in order to obtain a three-dimensionalsurfacerepreseting the white
matter. We experimerted with both Fast Marching and the proposedFast Chamfer
Distance for re-initializing the distanceto the level set. In both cases,the Distance
Transform was initialized with the distanceto the interpolated cortour asdescriked in
section2.

Figure 8 shows the results obtained with both techniques. The top line displays a
slice of the initial imageon the left, and the isocortours of the segmeted white matter
using Fast Marching in the middle, and using Fast Chamfer Distance on the right. The
bottom line displays the isosurfaceof the zerolevel set after 180 iterations, using Fast
Marching on the left, and using Fast Chamfer Distance on the right.

processing F. Marching | F. Chamfer | Ratio
Evolution 2min 10s| 2min 10s 1
CloseDist. 15s 15s 1
Narrow Band Dist. 5min 32s 37s 9
Total/1l process. 7min 57s| 3min 02s 2.6
Total/20 process. 5min 39s 44 s 7.7

Table 1: Processingtime for ead method using a single or twernty processors.
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While these results are almost equivalent, table 1 demonstratesthe advantage of
using the Fast Chamfer Distance Transform comparedto the Fast Marching. The pro-
cessingtime for computing the distancein the narrow band is increasedby a factor of
nine, while the global processingtime is increasedby a factor of 2.6 using one proces-
sor. A parallel multi-threaded implemenation can be usedfor processingthe Partial
Derivative Equation in the narrow band and for computing the closedistance. It simply
consistsin splitting the narrow band into n parts, and processingeat part indepen-
dertly. Unfortunately, none of the Distance Transformscan be parallelizedbecausehe
value of a voxel depends on the values of its previously computed neighbors. When
using 20 processorsthe global processingtime is then increasedby a factor of 7.7.

Conclusion

We have preseried a new, fast and accurate reinitialization of the distance map in a
narrow band, as applied to Level Set Methods. We have also shavn the importance of
preservingthe sub-voxel position of the level set during this reinitialization; we have
further proposeda fast, linear algorithm basedon the Chamfer Distance for computing
the distanceto the cortour. Experimerts con rm that our new algorithm outperforms
the standard Fast Marching method while keeping enough accuracyin the Distance
Transform. We have also interpreted applying the Distance Transform from an initial

estimate of the distanceto the interpolated cortour, ascomparedto the usualbinary in-
put. We are currently investigating extensionsof our algorithm to obtain exactdistance
with the samecomplexity, to take into accourt the voxel anisotropy in the Distance
Transform and to adapt the algorithm for parallel processing.
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