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Abstract

Redistancing the implicit surface is currently the most time-consuming stage in Level Set
Methods, usually accomplished by applying the Fast Marching algorithm to a binarized
image. We propose to apply a faster and linear approximation of the Euclidian Distance
while maintaining the sub-voxel accuracy of the interface.
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1 Introduction

Although the Level Set Method [OS88, Set99b] has only relatively recently been intro-
duced as an image processing tool, it has already prooved useful in delineating contours
and in segmenting objects. Because it relies on an implicit representation of the evolving
contour as the zero-crossings of an image, it deals naturally with changes in topology.
However, since this method represents contours as the zero-crossings of an image, the
dimensionaly of the problem is increased by one and processing time may increase con-
siderably. To offset this problem, we typically create a narrow band of the image points
lying within a given distance to the contour, and then process the Partial Derivative
Equation of the contour evolution inside this narrow band. The use of the narrow band
and numerical considerations require computing the distance to the evolving contour
every few iterations.

Several techniques have been proposed for computing this distance [SF99, Set99a].
In [SSO94], the authors propose to solve the following equation in order to compute

the signed distance to the interface:

φ(x, 0) = φ0

φt = sign(φ0)(1− ‖ ∇φ ‖). (1)

In particular, in [SF99], their formulate a volume preserving constraint designed to pre-
vent the straying of the zero level set from the initial position even after many iteration;
their demonstrate that they only need to solve the equation up to time t = L where L
is the thickness of the narrow band about the interface in which a distance function is
needed; and they use high order methods in time as well as space for solving the equa-
tion. However, this method which has good properties is computationally expensive,
especially noticeable when dealing with high resolution three-dimensional images.

In [RS00], the authors identify the problem of preserving the exact position of the
interface and propose to solve a new Partial Derivative Equation for this purpose. In
[Set99a], a nlog(n) algorithm is proposed to compute the distance by propagation until a
given distance to the contour is reached. In this paper, we propose a novel fast algorithm,
which both preserves the sub-voxel accuracy of the contour position and computes its
signed, narrow-banded distance with a linear complexity.

Add: Ross Whitaker, Tsikilis, Strain, Osher...

2 Sub-Voxel reinitialization of the Narrow Band

The Level Set Method used for segmentation is intrinsically a sub-voxel estimation of
the contours of the object, because it represents the object as the zero-crossings of a
gray scale image. The surface is generally extracted at the end of the evolution using the
Marching Cubes Algorithm [LC87], which hypothesises tri-linear interpolation between
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the voxels. It is common to reinitialize the Distance Transform from a binary image
every few iterations, however doing this compromises the sub-voxel accuracy.

2.1 Sub-Voxel reinitialization

We will limit our discussion to the isosurface of value zero. Hence, we designate a voxel
“neighbor” to the isosurface if this voxel is either of intensity zero or if the isosurface
crosses one the six segments (or four in 2D images) with its direct neighbors.

To calculate this distance, for each point designated as neighbor to the surface, we
could compute the real distance to the interpolated isosurface as the minimum of the
distance to the close triangles. However, such a formula would require extracting the
triangles and computing for each triangle its distance to several close voxels, a process
far too time consuming for our application.

Alternatively, we could estimate the distance to the surface, while retaining as much
as possible of the same interpolated surface. To achieve this, we could maintain the
relative position of the points of the surface with their neighboring voxels.

We denote I(x, y, z) the intensity of the level set image at the point (x, y, z) ∈ N
3.

A point of the surface M, when the surface is interpolated by trilinear interpolation, is
always a linear combination of two voxels V1 = (x1, y1, z1) and V2 = (x2, y2, z2).

M = α1V1 + α2V2 (2)

with α1 = I2
I2−I1

∈ [0, 1] and α2 = 1 − α1 ∈ [0, 1], where I1 = I(V1) = I(x1, y1, z1) and
I2 = I(V2).

M

α α
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2 1

V1 V2

I

∆+

-

Figure 1: Distance from the neighbor points to the interpolated surface.

We denote Ĩ the new image with estimates of the distance to the isosurface for voxels
neighbor to the isosurface. Thus, the values of Ĩ at V1 and V2 are estimated by projecting
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the vector
−−→
V1V2 in the gradient direction ∇I:

Ĩ(V1) = d1 = βI1 and

Ĩ(V2) = d2 = βI2 with

β = 1
I2−I1

−−→
V1V2 . ∇I

‖∇I‖ .

(3)

Moreover, the vector
−−→
V1V2 is always oriented in one of the axes of the image co-

ordinates, and the scalar product
−−→
V1V2 . ∇I

‖∇I‖ is thereby reduced to taking one of the
components of the unit vector in the gradient direction.

Remarks:

• Owing to the characteristically discrete grid, it is not possible to retain the same
interpolated surface after the distance estimation in the neighborhood. In the
simple case shown in fig.1, however, the position of the interpolated surface is
preserved. Because the same voxel can share several edges that intersect with the
isosurface, we need only capture the minimal distance value estimated for this
voxel.

• Our estimate approximates the real distance to the surface; the accuracy of which
hinges on how closely the gradient vector of the image approximates the real
normal to the isosurface. The use of the same gradient vector for both points V1

and V2 allows keeping the same position of the interpolated point M . However,
in regions where the isosurface exhibits high curvature, the gradient vector will
quickly fluctuate; estimates, in turn, become less accurate. To more accurately
estimate the gradient vector, one option is to use a linear combinaison of the
gradient estimation in V1 and V2 with weights α1 and α2.

2.2 Comparison with a binary reinitialization

Figure 2 shows the evolution of an initial circle of radius three pixels, evolving with a
constant expansion force of 0.8, a curvature coefficient of 0.2, a time step of 0.1 and a
distance reinitialization every 10 iterations. On the top line we show the zero-isosurface
of the 3D image created by stacking the 2D images obtained during 200 iterations. To
better understand why the binary reinitialization evolves to a square, on the bottom
line we show the zero-isocontours of the distance reinitialization from a circle of radius
5.5. The binary distance reinitialization is achieved by assigning a value of ∓0.5 to the
points neighbors to the zero-isocontour.

Figure 3 shows the surface evolution on a Maximum Intensity Projection of an image
representing an aneurysm. On the left column, we have superimposed the isocontour of
the estimated distance in dashed red to the isocontour of the initial image in black. The
bottom left image shows that the two isocontours are almost identical, even when the
curvature is high, and that small variations in the isocontour shape are preserved. The
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Figure 2: Evolution from a pixel with constant propagation force. Left, evolution using
a binary reinitialization. Right, evolution using the sub-voxel reinitialization.

right column shows that the isocontours of threshold 1 and -1 are well situated around
the zero-isocontour.

Remarks:

• In this section, we have presented results on 2D images for clarity. The extension
to 3D is straightforward.

• In case of anisotropic voxels, we can apply the same distance estimates by taking
into account the voxel size in each dimension.

• The use of a binary reinitialization can also lead stagnation in the position of the
level set if it fails to move rapidly enough between two re-initializations.

3 Narrow-Banded Fast Distance Transform

Once the distance to the interpolated level set is estimated, we apply a very fast ap-
proximation of the Distance Transform (DT) to this level set that is restricted to the
size of the narrow band.

We use a new, modified algorithm to compute the Chamfer Distance with appro-
priate coefficients [Bor96]. These coefficients ensure that the error is bounded by 7.3
% of the exact distance. Other Exact Distance Transforms could be used in this appli-
cation [Dan80, Cui99]. However, a comparison of the speed of several Distance Trans-
forms [Cui99] shows that the Chamfer DT is two or three times faster than the others.
Moreover, an approximation of the Distance Transform is sufficient for our level set
application as long as the distance itself is not an explicit part of the Hamilton Jacobi
Equation. This Distance Transform has two purposes: 1) to regularize the equation and
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Figure 3: From left to right and top to bottom, the initial image with the current position
of the level set, the level set image, the binary image with values -0.5 (inside) and
+0.5 (outside), the Distance Transform obtained from this binary image, the estimated
distance close to the level set, the Distance Transform obtained from this estimated
image. The solid black line represents the isocontour of the level set, the red, blue,
and green lines represent respectively the isocontours of intensities 0,1 and -1 of the
displayed images.
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avoid numerical instabilities; 2) to estimate the distance to the contour for selecting the
points belonging to the narrow band.

3.1 Chamfer Distance Transform

Let us consider a binary image representing a shape F . A distance transformation (DT)
converts this binary image to a distance image, where each voxel has a value measuring
the distance to the closest voxel in F . Yamashita and Ibaraki [YI86] define the distance
between two points x and y as the length of the shortest path connecting x and y in
an appropriate graph. They prove that any distance is definable in the above manner,
by choosing an appropriate neighborhood relation and an appropriate definition of path
length.

In 3D cubic space, each voxel has three types of neighbors: 6 area neighbors, 12 edge
neighbors and 8 point neighbors.

The 3× 3× 3 Weighted (or Chamfer) Distance Transform is defined by three values
< a, b, c > which represent the local distance for each of the three types of neighbors
(area, edge and point neighbors). The local Euclidean distance between these three types
of neighbors would give a < 1,

√
2,
√

3 > DT which “leads to very rough approximation
of the global Euclidean Distance Transform” [Bor96].

Not all combinations of local distances a, b and c result in useful distance transforms.
In 2D, a regular distance transform is a metric [RP68]. In 3D, the conjecture is that
regular DTs are metrics too. The regularity is defined as follows:
Consider two pixels that can be connected by a straigh line, i.e., by using only one type
and direction of local step. If that line defines the distance between the pixels,i.e., is
a minimal path, and if there are no other minimal paths, then the resulting distance
transform is regular.

In [Bor96], the author compares the approximation error among several Chamfer
DT’s in three-dimensional images. With the restriction, for the Distance Transform,
to be regular, a set of possible Distance Transforms are inferred, and the maximal
difference with the Euclidean distance is computed. The best coefficients found are
< 0.92644, 1.34062, 1.65849 >, giving a relative maximal error of 7.356%.

3.2 Algorithm

Computing of the Distance Transform only requires two passes through the image,
during which each pass computes the distances from the object to each voxel for half of
the directions of the 3×3×3 neighborhood. If the images are indexed by the coordinates
(x, y, z) ∈ [0, Dx−1]×[0, Dy−1]×[0, Dz−1], then the algorithm, as described in [Bor96],
is written as:

Algorithm 1 (Standard Chamfer algorithm).

// First pass
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Figure 4: Neighbor types.

For z=1 to Dz-1 do

For y=1 to Dy-1 do

For x=1 to Dx-1 do vx,y,z = min
(i,j,k)∈N

{vi,j,k + dn}.
// Second pass
For z=Dz-2 to 0 do

For y=Dy-2 to 0 do

For x=Dx-2 to 0 do vx,y,z = min
(i,j,k)∈N

{vi,j,k + dn}.

where v is the image containing the initial contour, N is the set of already visited
neighbors, and dn is the appropriate local distance a, b or c. This algorithm is linear
on the number of voxels of the image, and requires thirteen additions on each voxel for
each pass. A small modification can give us the same result with only three additions
per voxel, and the possibility to compute the distance only until a given distance to
the contour. This modification consists in propagating the distance to the non-visited
neighbors, instead of updating the current neighbor from the already visited neighbors.
The resulting image is strictly the same as the standard Chamfer Algorithm because
when the algorithm reaches a given voxel, all its visited neighbors have updated its
value. We also adapted the algorithm in order to compute the positive and negative
distance for the exterior and interior of the object, retaining only two passes through
the image. Our new algorithm is thus written as:

Algorithm 2 (Signed Narrow Banded Chamfer algorithm).

// First pass
For z=0 to Dz-2 do

For y=0 to Dy-2 do

For x=0 to Dx-2 do

If abs(vx,y,z) >= dmax then continue

If vx,y,z > −a do
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da = vx,y,z + a
db = vx,y,z + b
dc = vx,y,z + c
For (i,j,k) in Na do vi,j,k = min{vi,j,k, da}
For (i,j,k) in Nb do vi,j,k = min{vi,j,k, db}
For (i,j,k) in Nc do vi,j,k = min{vi,j,k, dc}

EndIf

If vx,y,z < a do

da = vx,y,z − a
db = vx,y,z − b
dc = vx,y,z − c
For (i,j,k) in Na do vi,j,k = max{vi,j,k, da}
For (i,j,k) in Nb do vi,j,k = max{vi,j,k, db}
For (i,j,k) in Nc do vi,j,k = max{vi,j,k, dc}

EndIf

EndFor.
// Second pass
For (z,y,x)=(Dz-1,Dy-1,Dx-1) to (1,1,1) do

idem as first pass
EndFor.

where Na,Nb,Nc denote the set of non-visited neighbors respectively for area, edge
and point neighbors. This algorithm allows two speed improvements: The first obviates
the need to compute voxels with intensity greater than the size of the narrow band,
given by dmax. The second factorizes the additions for each kind of neighbor. The input
image for this algorithm is the estimate of distance to the level set as described in section
2, and a distance value of dmax or −dmax for exterior and interior voxels that are not
neighbors to the zero-isosurface.

4 Interpretation

In this section, we interpret the meaning of computing the “exact” Distance Transform
from a signed distance estimation for the voxels neighbor to the zero-isocontour (see
section 2). We will only interpret the external distance (positive values).

When computing the “exact” Distance Transform from a binary image, we are actu-
ally computing, for each pixel or voxel, the shortest distance to the set of voxel centers
included in the object. If we substract 0.5 to the resulting distance and concentrate only
on positive values, then we obtain the distance to estimated object boundaries defined
by combining arc of circles of radius 0.5 (see fig. 5 top left).

When we first estimate the distance to the object boundaries for the voxels that are
its neighbors, we are computing the distance to a more accurate sub-voxel estimation
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Figure 5: Example of the Distance Transform computed from a binary and from an
interpolated distance to a circle of radius 3.3.

of the object boundaries. If we denote the initial distance estimate α
n
∈ [−1, 1] for any

point n in the neighborhood S of the contour and I the initial image, we can formally
write our “exact” interpolated Distance Transform as:

∀x / I(x) > 0, D(x) = min
n∈S

{‖ x − n ‖ +α
n
} (4)

If all the α
n

values were negative, we could draw small circles (or spheres), centered
on n and with radius −α

n
, and interpret our Distance Transform as a distance to the

boundary of an object created from these circles. Thus, if we consider the negative
coefficients α′

n
= α

n
− 1, we can interpret the distance to the contour dilated by 1 as

the distance to the set of circles centered on n with radii −α′
n
.

∀x / I(x) > 0, D(x) − 1 = min
n∈S

{‖ x − n ‖ +α′
n
} (5)

The bottom line of figure 5 shows this set of circles for the binary (left) and the
interpolated (right) distance estimate. In the case of the interpolated distance, the
external contour of the set of circles offers a good estimate of the contour dilated by 1.
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5 Experiments

5.1 Accuracy experiments

We performed experiments in two and three dimensions, by evolving an initial image
(disk in 2D and sphere in 3D), under constant or mean curvature forces. In the case of
constant speed evolution, the initial image was the signed distance to a disk/sphere of
radius 30 pixels/voxels. The perfect evolution is then a slope R(t) = 30 − t, where t is
the evolution time and R is the radius of the object. In the curvature evolution case,
the initial image was the signed distance to a disk/sphere of radius 20 pixels/voxels.
The perfect evolution is then given by R(t) =

√
202 − 2t. The error was computed on

the set of points where the linearly interpolated level set crosses the grid in each of the
main axis directions. The Root Mean Square error of the distance of these points to
the center of the object shows that no significant additional error is introduced by the
Chamfer distance approximation.

Results are depicted in figure figure 6.
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Figure 6: Root Mean Square Error on evolving a disk (top row) and a sphere (bottom
row) under constant (left column) or curvature (right column) forces.
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5.2 Speed experiments
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Figure 7: Computation of the Euclidean distance until distance 5, for spheres of different
radii. Tested on images of size 200×200×200. On the abscissa, the radius of the sphere.
On the ordinates, the time in seconds for each method.

To test the speed of our new Narrow-banded Distance Transform, we compare it
with the Fast Marching Algorithm [Set99a], which has been proposed for reinitializing
the distance map in Level Set Methods [Set99b]. The Fast Marching uses a min heap
structure that allows computing the distance by propagation from the initial contour,
though it requires more processing. Moreover, it results in a complexity of nlog(n)
where n is the number of voxels of the narrow band. In comparison, our method has a
complexity of n, because it passes through each point of the narrow band only twice.
We performed experiments on synthetic images of size 200 × 200 × 200, computing the
Euclidean distance in a narrow band of size 5 voxels for spheres of increasing radii
from 5 to 90 voxels with an increment of 5. Results of the computation time of the
distance reinitialization, including the sub-voxel estimation for the points neighbor to
the contour, are depicted in figure 7. The experiments have been carried on a Pentium
III with 1.1 GHz running on the Linux operating system. Our method outperforms the
usual Fast Marching distance reinitialization, and the processing is up to 20 times faster
for a sphere of radius 90 voxels, resulting in a subsequent acceleration of the overall
Level Set Method when segmenting objects in three-dimensional medical data.
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Figure 8: Result on segmenting the white matter in a SPGR MR Volume.
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5.3 Segmentation of the white matter

We segmented the white matter on a 3D SPoiled Gradient Recalled (SPGR) Magnetic
Resonance Image. We used a Level Set Method, initialized with five spheres of radius
eight voxels each, in order to obtain a three-dimensional surface representing the white
matter. We experimented with both Fast Marching and the proposed Fast Chamfer
Distance for re-initializing the distance to the level set. In both cases, the Distance
Transform was initialized with the distance to the interpolated contour as described in
section 2.

Figure 8 shows the results obtained with both techniques. The top line displays a
slice of the initial image on the left, and the isocontours of the segmented white matter
using Fast Marching in the middle, and using Fast Chamfer Distance on the right. The
bottom line displays the isosurface of the zero level set after 180 iterations, using Fast
Marching on the left, and using Fast Chamfer Distance on the right.

processing F. Marching F. Chamfer Ratio
Evolution 2 min 10 s 2 min 10 s 1
Close Dist. 15 s 15 s 1
Narrow Band Dist. 5 min 32 s 37 s 9
Total/1 process. 7 min 57 s 3 min 02 s 2.6
Total/20 process. 5 min 39 s 44 s 7.7

Table 1: Processing time for each method using a single or twenty processors.
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While these results are almost equivalent, table 1 demonstrates the advantage of
using the Fast Chamfer Distance Transform compared to the Fast Marching. The pro-
cessing time for computing the distance in the narrow band is increased by a factor of
nine, while the global processing time is increased by a factor of 2.6 using one proces-
sor. A parallel multi-threaded implementation can be used for processing the Partial
Derivative Equation in the narrow band and for computing the close distance. It simply
consists in splitting the narrow band into n parts, and processing each part indepen-
dently. Unfortunately, none of the Distance Transforms can be parallelized because the
value of a voxel depends on the values of its previously computed neighbors. When
using 20 processors, the global processing time is then increased by a factor of 7.7.

Conclusion

We have presented a new, fast and accurate reinitialization of the distance map in a
narrow band, as applied to Level Set Methods. We have also shown the importance of
preserving the sub-voxel position of the level set during this reinitialization; we have
further proposed a fast, linear algorithm based on the Chamfer Distance for computing
the distance to the contour. Experiments confirm that our new algorithm outperforms
the standard Fast Marching method while keeping enough accuracy in the Distance
Transform. We have also interpreted applying the Distance Transform from an initial
estimate of the distance to the interpolated contour, as compared to the usual binary in-
put. We are currently investigating extensions of our algorithm to obtain exact distance
with the same complexity, to take into account the voxel anisotropy in the Distance
Transform and to adapt the algorithm for parallel processing.
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